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Who is your teacher? ... Dr Chris Jackson
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Science from the Australian National University (ANU) and has substantial experience in the field of
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The normal distribution PDF curve is a ‘perfectly symmetrical’ bell shape. This shape isn't there
because it looks ‘pretty.’ This shape is actually based on an underlying process that appears in lots
of probability and statistics scenarios, random processes and the natural world.

But first, remember what it means when a TTF random variable is described by a PDF curve with
a 'bell shape?
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time to FAILURE (TTF)

So ... where does this nice shape come from?

.. the CENTRAL LIMIT THEOREM

Let's make up a random variable, which has a clearly ‘absurd” PDF curve. Let's make this absurd
PDF look like it has a square on the left and a triangle on the right.

X

Hopefully you can agree that this random variable is not likely to exist! But now let's add this
random variable to itself. That is ...

X+X

What does the PDF of the sum of these two random variables look like?



So we are trying to ...

+

X X

It turns out the PDF of this new random variable (X + X) looks like ...

% >
X+X

You can already see that the shape of this new PDF curve is substantially different. It is smoother,
and perhaps more like a bell shape! But let's add another X and see what happens ...

X+X+X

And let's add another X ...

€ >
X+X+X+X
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It should be really obvious that the PDF of this random variable that is the sum of lots of ‘X's" has
a PDF curve that looks like a bell shape. And this is where the normal distribution comes from. If
there a random process is based on the sum of lots of random processes, the output random
variable will probably be described by a normal distribution with its bell-shaped PDF curve.

In other words, random variable 'Y" is a normally distributed random variable if ...

& >

Y:X1+X2 +X3+"’
AN B/

INDEPENDENT vandorn vaviables

This phenomenon is known as the Central Limit Theorem.

the CENTRAL LIMIT THEOREM states that any sum of (independently
individually distributed) random variables will be
approximately NORMALLY DISTRIBUTED.

So ... the normal distribution IS the ‘bell curve.’



and the LOGNORMAL DISTRIBUTION

The lognormal distribution sounds like the normal distribution. It is obviously different, but still
related. Lognormal distribution PDF curves are not all similar. The have different shapes based

on different parameters.

That said, all lognormal distribution curves have a couple of common traits. They all have a ‘left
skew’ with a right tail (as illustrated below). The nature of this skewness and tail length varies across
different lognormal distributions.

7 3

>

Because there is still a *hill' or a ‘mound’ (even if it doesn't look like a perfect ‘bell’), the lognormal
distribution models TTF of products, systems or services that wear out.

So ... where does lognormal PDF shape come from?

.. the normal distribution does addition - this one does multiplication

Let's make up another random variable, which has a clearly ‘absurd’ PDF curve.

X

Now let's multiply this random variable with itself. That is ...

XXX
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What does the PDF of the product of these two random variables look like?

So we are frying fo ...

X

X X

Let's multiply it a few times and look at the resulting PDF ...

& >
XXXXXXXXX

Let's multiply the random variable 10 times ...

XlO

Let's multiply the random variable 20 times ...
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XZO

You can see how the PDF of the new random variable, which is the product of lots of other random
variables, is now quite smooth with that typical lognormal PDF curve shape: left skew with right
tail. So what is happening here?

It comes back to logarithms and exponents. Look at the following equation ...

100 x 1 000 = 100 000

Another way of writing this equation where we use exponents with ‘bases’ of 10 is ...
102x 109 = 10®

Now if we look at all the exponents (logarithms to base 10), we can see that the sum of the
exponents on the left-hand side (2 + 3) is equal to the sum of the exponents on the right-hand

side (5).
2+3=5

So how is the relevant to the lognormal distribution? Well, remember that we are looking at the
product of lots of different independent random variables. For example ...

T1XT2XT3XT4XT5 =X
We know that because T is a random variable, then X is too. So let's use some actual figures:

16.58 x 18.72 x 20.36 X 20.93 x 23.13 = 3 059 236

Now let's take the natural logarithms of each value. For example, In16.58 = 2.808. So
therefore ...

2.808 + 2.930 + 3.014 + 3.041 + 3.141 = 14.934

So in general ...

InTy +InT, +InT; +InT, +InT;s NORMALLY D|STR|BUTED

When this occurs, the random variable X is described by the lognormal distribution. So the
Central Limit Theorem helps us understand what happens when we ADD lots of random variables
AND what happens when we MULTIPLY lots of random variables.
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PROBABILITY DENSITY FUNCTION (PDF)

The equations and formulae for the PDF and other functions and statistics based on the Lognormal
distribution (including the mean) are at the end of this chapter. The most important thing to
understand when dealing with PDFs is knowing what they represent in terms of failure. Three
example lognormal distribution PDF curves are illustrated below.

AL Mo

Al L - 125 0b

¥ Ul ] - 15 0I5
l i i H

0 4 5 n b

Lognormal distribution PDF curves have a particular shape ...

CUMULATIVE DISTRIBUTION FUNCTION (CDF)

Three example Lognormal distribution CDF curves are illustrated below. Each CDF curve
corresponds to one of the PDF curves above. You can see here that the Weibull distribution CDF

(like all other CDFs) starts at 0 and approaches 1 (or 100 %) as TTF increases.
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RELIABILITY FUNCTION

Three example Lognormal distribution reliability curves are illustrated below. Each reliability
curve corresponds to one of the PDF and CDF curves above. You can see here that the Lognormal
distribution reliability curve (like all other reliability curves) starts at 1 (or 100 %) and approaches
0 as TTF increases.

when we assurme ¢ N I - 25 03
ouv product wovks ‘ | ' '
7 when'new ..

HAZARD RATE

One way of looking at the hazard rate is by seeing it as the rate at which working (non-failed)
systems are failing.

PROBABILITY
-the RATE ot Lo DENSITY
FUNCTION (PDF)

RELIABILITY
FUNCTION
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Three example lognormal distribution hazard rate curves are illustrated below. Each hazard rate

curve corresponds to one of the PDF, CDF and reliability curves above. But with the lognormal
distribution, the hazard rate is unusual ...
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This is not possible for a failure mechanism. If a failure mechanism is based on the accumulation
of damage, it never gets to a stage where the accumulation of damage stops.
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... where do we use LOGNORMAL DISTRIBUTIONS?

Let's look at the handle of a smart lock. We are planning on manufacturing it out of 1045 steel,

which can be prone to fatigue failure. The door handle will routinely be opened and shut, so there
will be a cyclic stress applied to it.
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We conduct Finite Element Analysis (FEA) on the preliminary design and identify a region of
stress concentration on the inside of the handle. And the local stress the handle will experience
when the handle is opened with a ‘high’ level of force is 500 MPa. This will be used at the
(conservatively high) assumed stress for each door handle use.

We know (from experience) that the lognormal distribution does a good job of modelling fatigue
failure. As a fatigue crack grows bigger, it concentrates more stress at the crack tip. So the crack
grows faster in a ‘multiplicative’ way.

We can obtain what we call an ‘S-N" chart for 1045 steel which describes its fatigue characteristics.
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You can see that the horizontal scale of the ‘S-N' chart above is logarithmic. And because fatigue
cycles to failure is described by the lognormal distribution, the logarithm of fatigue cycles to
failure should be described by the normal distribution.
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Now let's zoom in on 500 MPa. And this allows us to identify the 90 % confidence interval of
cycles to failure - within which we expect our 1045 steel to fail due to fatigue.

000
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We can identify the boundaries and mid point of this interval using this chart.
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What we are going to do now is use the normal distribution (noting that this chart uses a

logarithmic scale). So we can't use the cycle numbers above - we need to use the logarithms of
these numbers

NATURAL LOGARITHM - In
12030 a40
17 b0 1023
03 620 1.0
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So let's superimpose a bell curve (normal distribution) over our confidence interval.

[0US Steel

10" 0°

numbey of cycles

So the middle of this superimposed normal distribution PDF curve gives us the first parameter of
our lognormal distribution.

this becornes the
LOGNORMAL
DISTRIBUTION

PARAMETER

Now remember from the normal distribution lesson, if we are interested in the ‘middle’ 90 % of

normally distributed random variables ...

90 %
of all NORMAL RANDOM
VARIABLES ave within 1262

STANDARD DEVIATIONS ¢
away fvom the MEAN

il ol

1.282011.2820

H

This means that the 90 % confidence bounds are each 1.282 standard deviations from the mean.
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For our normal distribution PDF curve superimposed onto the 90 % confidence interval ...

a0 %
1/ of al NORMAL RANDOM
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This allows us to calculate the second lognormal distribution parameter, o ...

_ Lot 0.6396
%= o564

This allows us to model the cycles to failure for our door handle if it is based on fatigue as
follows ..

LOGNORMAL

DISTRIBUTION
with pavarneters

U = 10.23
o, = 0.6396

0 20 000 40 000 b0 000 30 000

cycles to FAILURE (TTF)

Page | 17



But we don't just want to admire (measure) a problem!
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What sort of ‘things’ could you do to the design or
manufacture to reduce the likelihood of fatigue failure?

... and the FINAL WORD

The lognormal distribution models the TTF of products, systems and services that wear out -
when the rate of wear out accelerates in a multiplicative way. Fatigue is a classic example of a
failure mechanism that is really well modelled by a lognormal distribution.

The lognormal distribution has also empirically been found to model Corrective Maintenance
(CM) time. Many repairs or CM are quick. A few repairs take a lot longer. This creates a PDF curve
that has a left skew with a right tail.

But ... the next probability distribution is perhaps the ‘best’ yet!
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LOGNORMAL DISTRIBUTION

Equations and Formulae

Parameters

U; - mean of the logarithms of the random variable values
o, - standard deviation of the logarithms of the random variable values

Probability Density Function (PDF)

1 (ln t—Ur

f)=—=e " o ) ... 5} =LOGNORM.DIST([1] [1t¢].[6;], FALSE)

Cumulative Distribution Function (CDF)

¢ 1 _(ln tI—ur
e

2
FO = [y e * ) dt’ .. ¥ ~LOGNORM.DIST([t].[1,].[6, ], TRUE)

Reliability Function

: 1 _(lnt’—u,)z v 1 _<1ntl—/1.,,)2
thl—f e \ Ot dt’=f e\ o Jdt
(®) J t'onVem J t'oN2m

=1-LOGNORM.DIST([t],[;].[07], TRUE)

Hazard rate

2
Int/—ur

01 -(HZT)

e we T dtr

... R LOGNORM.DIST([],[1t;]. [0 ], FALSE)/( 1-LOGNORM.DIST([#] [11;]. [, ], TRUE))

Mean

u= s Bl =EXP([.]+(([0,]172)/2))
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