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Abstract — Perspective-correct occlusion-capable augmented reality displays are generalized using an
optical cloak constraint for ray transfer analysis or simulations; any ray entering the optical system exits
at the height and angle as if it passed through empty space. We analyze several systems with two-lens,
three-lens, and four-lens looped groups in inline, folded, and looped configurations. We design and
demonstrate a four-lens folded optical cloak and a three-lens inverted cloak with an erecting prism.
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1 Objective

Although there has been a recent revival of virtual reality,
augmented reality (AR) is seen as potentially more impactful.1

Virtual reality tends to be isolating, causing problems for
navigating and socializing in the physical world. On the other
hand, AR visually integrates synthetic content onto real-world
scenery allowing annotation of and interaction with the
physical world. In optical see-through AR, a beam combiner
optically adds the light from a display imaged at infinity and
the light from a view of the real-world.2 For bright and
cluttered backgrounds, this results in low-contrast and semi-
transparent synthetic objects that cannot occlude physical
objects and are not visually well integrated into the scene
(Fig. 1). Any mechanism to add occlusion capability to an
AR display should maintain a perspective correct view of the
physical world to allow natural interaction and navigation.3,4

We propose an AR display using the principles of cloaking
optics to provide an internal focal plane to place an occluder
mask while providing a perspective correct view of the real-
world and composited opaque synthetic content.

2 Background

In typical optical see-through AR displays, a beam combiner
additively composites the direct real-world view with a
collimated image of a display. To provide the AR display with
the capability to visually occlude physical objects with a sharp
synthetic object, the real-world should be imaged onto a focal
plane where a collocated occluder mask is placed. A beam
combiner additively composites synthetic imagery on a display
optically collocated with occluder mask and imaged real-world
scene. The combination of the synthetic image and masked

real-world view is re-collimated to appear to be located at
“infinity” for the viewer.

An afocal 4f relay would achieve this function; however, a
single 4f relay inverts the image and also moves the viewpoint
to the other side of the relay. The latter results in an incorrect
perspective view, so objects will appear closer than they
actually are and parallax of the real-world will be incorrect.
An occlusion capable AR display, ELMO,5,6 used a single 4f
relay with a prism to erect the image; however, this results
in a view offset longitudinally (due to the relay) and would
not be perspective correct.

One previous occlusion capable AR display uses a two
functional-lens group real-image Bravais system7,8 to ideally
collocate a 1:1 image and its object. The system is designed
for a particular object distance. An AR display should work
for all eye reliefs and viewing objects at all distances. An
x-cube prism between the two-lens groups folds the path
and erects the view. From their raytrace, corresponding input
and output rays are at the same height and angle, so rays are
horizontally transferred across the optical system. The
horizontal transfer would result in incorrect perspective.

ELMO IV9 uses two afocal 4f relays spaced by a sum of
their focal lengths, resulting in an upright view. Maintaining
correct perspective is handled by a looped optical path with
an initial double-sided mirror to collocate the user’s viewpoint
and a virtual image of the relayed viewpoint.

We aim to generalize perspective correct occlusion-
capable AR displays by describing the perspective correct
condition as an optical cloak constraint for ray transfer analysis
or numerical raytracing simulations. The optical cloak
constraint states that for any ray that enters the optical system,
it exits at the height and angle as if it passed through empty
space irrespective of what path it takes through the optical
system, including forming focal planes necessary for occluder
masks, thus providing a correct perspective through the
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system regardless of viewpoint. In ray transfer analysis, we
equate the composite ABCD matrices of the optical system
to the ABCD matrix of rays traversing in free space the length
the system.10

For simplicity of analysis, the Rochester Optical Cloak10

uses two inline afocal 4f relays appropriately spaced to meet
the optical cloak constraint. The rays entering the system
focus to a plane, then exit the system at a height and angle
as if they pass through empty space; objects are hidden or
“cloaked” by being placed outside the focused caustic in the
system, which does not include the optical axis.

For our perspective correct occlusion-capable AR display,
an occluder mask (e.g., transparent liquid crystal panel or
transparency) is placed at the focal plane closest the input
(towards the real-world scene), and a display (e.g., transparent
organic light-emitting diode or a beam-combined liquid
crystal display) at the focal plane closest to the viewer. Being
perspective correct, the field of view is determined and
limited by the length of the system and the aperture of the
initial input element. Because the optical cloak system
consists of two inline 4f systems, it is quite long resulting in
a small field of view. We modified the optical cloak to include
folded designs to increase the field of view.

The generalization allows us to create or optimize optical
layouts for perspective correct occlusion AR displays
including those that are not looped and/or do not have an
obvious real-image relayed viewpoint.

3 Design

3.1 Purpose and procedure
3.1.1 Folded optical cloak
We modify the optical cloak system so that it may be folded
while still maintaining the perspective correct viewpoint. For

example, we can model a folded optical system of two spaced
4f relays using ray transfer ABCD matrices, equating the
result to an ABCD matrix for a ray travelling through the
inline distance, d, between the input and output lenses, and
solve for the spacing between the two relay sets, t (Fig. 2;
Appendix D).
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For more complicated folded optical cloak systems,
constrained optimization can be performed in numerical
raytracing packages (e.g., Zemax) to find the required spacing
or lens powers satisfying the optical cloak constraint between
a set of representative input and output rays.

3.1.2 Inverted optical cloak with prism
derotation
Although a standard optical cloak requires a minimum of
four lenses to provide an erect perspective correct image
of the real-world scene10 because of one of the relay sets
inverting/reverting the image to be upright and properly
oriented, two-lens and three-lens systems can also be
designed using ray transfer analysis that create perspective
correct systems with an inverted cloak (Fig. 3). Prims can
then be used to erect the image. Use of prisms to erect
the image removes a relay set resulting in a compact
system.

FIGURE 1 — Non-occluded augmented reality image in a bright,
cluttered scene.

FIGURE 2 — Folded optical cloak augmented reality.
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where f1 is the focal length of the first and last lenses, f2 is the
focal length of the field lens, t is the prism geometric length,

and OPL is the prism’s normalized optical path length
(Appendix A, C1).

A two-lens inline system cannot meet the cloaking criteria
and be perspective correct without a prism or optical delay
line outside the two lenses. This system is highly constrained
leading to inflexible system design requirements (Appendix B1).
A three-lens inline system can also meet the cloaking
constraint and be perspective correct, with the focal length
of the field lens providing an extra degree of freedom for more
flexible designs (Appendix C1).

3.2 Implementation
3.2.1 Looped optical cloak
We made several prototypes of folded, looped (Fig. 4a,b) and
an inverted optical cloak with an erecting prisms (Fig. 5a,b).
For the looped optical cloak system, we started with a looped
two 4f relay system using all fl = 75 mm, 50-mm OD lenses,
with the inline distance of t = 75 mm being between the first
and last refracting surfaces separated by a double-sided fold
mirror. The distance between the two relay systems was
d = 5 f. For an eye relief of 25 mm, the ray bundles, and field

FIGURE 3 — Inverted optical cloak augmented reality.

FIGURE 4 — Folded optical cloak augmented reality display. a) Zemax raytrace, b) prototype, c)
occluded augmented reality view, and d) direct view.
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of view was limited to 15° by the aperture of the second lens
of the first relay.

To increase the field of view, the first lens was moved into
the fold, so the double-sided mirror and last lens are the only
inline elements, with a separation of t = 25 mm (Fig. 4a). It
was desirable to keep the final lens inline, because the further
away the final lens is from the viewpoint, the larger the view
bundle in the optical system and the more likely it is to
vignette and limit the field of view. Placing the object side lens
into the fold allows the view to grow and fill the inline two-
sided mirror and removes the additional inline length from
the mirror to the second lens, which also reduces the spacing
between the relays to meet the cloaking condition. The eye
piece relay was modified to include fl = 30 and fl = 75 mm
lens pairs, while the incoming relay is composed of fl = 30,
fl = �50, and fl = 100 mm lenses. The modification of the
incoming relay allows for the view bundle size to be reduced
and to compress and constrain the ray bundles, so the eye lens
was the limiting aperture. This maximizes the field of view for
an eye-relief between 18 and 25 mm from the eye lens.
Commercial lens prescriptions, used in place of the paraxial
optics, allow the spacing of the lenses to be optimized in
Zemax such that the field of view was the greatest and
the optical cloak constraint was met. The optical componets
are encased in a 3-D-printed shell (Connex 500 Objet3
Vero Gray material). A transparency placed at the first focal
plane acted as an occluder masks. The folding design included
a beam splitter in place of one of the fold mirrors, so an image
source (i.e., mobile phone display) can be colocated with a
focal plane and its image combined with the occluded real-
world image. Two systems were made to create a stereoscopic
AR display. This design was modified for increase field of
view, but not for distortion or other aberration correction.

3.2.2 Inverted optical cloak with erecting
prism
The paraxial design for the inverted optical cloak with
erecting prism system uses fl = 50 mm, 25 mm OD lenses
for the first and final lenses, separated by 100 mm. A
Schmidt–Pechan prism is used for image erection. Design
using ABCD matrices leads to the calculation of a field lens
with fl = 16.13 mm to meet the optical cloak constraint
(Fig. 4a). The fl = 50 mm paraxial lenses are exchanged for
real lens specifications of Thorlabs AC254-050-A lenses, and
the distances are changed to account for the real back focal
distances. The field lens is constructed as a compound two-
lens equivalent. Applying the 30-mm focal length lenses in
place of the paraxial component, optimization leads to lens
pair spacing of 5.149 mm resulting in a focal length of
16.86 mm when accounting for the real lens thicknesses. A
transparency located at the focal plane between the field
lenses was used as the occluder mask. An economy beam
splitter is added between the first lens and the field lens, to
allow the color image from a mobile phone to be composited.

This setup produces an inverted and reverted image for the
user to view. To correct this flip, a Schmidt–Pechan prism is
placed between the eye and the eye lens. This design was
not optimized for the field of view and the size of the occluder
or display. The viewed scene includes physical objects
multiple depths of 60 and 120 away.

3.3 Results
3.3.1 Looped optical cloak
The looped optical cloak has a 30° field of view for a viewpoint
and eye relief of 25 mm. The perspective viewed through the
system is correct. Physical objects appear with a 1:1
magnification (Fig. 4c,d). and the viewer is able to naturally
focus on objects at different depths. Although some barrel
distortion is present, the left and right eye images can be
easily fused with correct and matching accommodation cues.
The mask occludes the background, and the synthetic color
image is superimposed (Fig. 4c) and appears in focus at the
far background. The composited stereo image exhibits dark
colors and tones in the shadows, usually not possible with
see-through AR, resulting in high-contrast opaque imagery.
Further lens design in conjunction with using optics
simulation software to meet the cloak condition can reduce
optical aberrations.

Notice that the ELMO IV system is a special case of a
cloaked system with d = 0 and t = 2f, because the mirror is
the only inline surface, and the spacing before the first lens
is 3f/2 and f/2 before the last lens (Appendix E). This
configuration may not always be desirable, because the
further away the last (eyepiece) lens is from the system output
(e.g., double-sided mirror), the larger the view bundle in the
optical system and the more likely it is to vignette and limit
the field of view. Also, the image of the viewpoint may not
always be easily determined, making collocating the viewpoint
and its image difficult. The use of the optical cloak constraint
and optimization in our ray tracing package allowed us to
solve for a different configuration including one inline lens,
scaling relays and a field lens to increase our field of view.

3.3.2 Inverted optical cloak with erecting
prism
The inverted optical cloak with erecting prism has a 7° field of
view for an eye relief of 25 mm. The mask occludes the
background, and the synthetic color image is superimposed.
The perspective is correct, and near and far objects appear
unchanged (Fig. 5d,e). As the eye relief varies, the
perspective remains correct, but the field of view through
the system changes as expected.

A Schmidt–Pechan prism from a pair of Nikon binoculars
was used to erect the image. The prism was modeled both
as an ABCD matrix (Fig. 5b) and as a non-sequential object
from the ZEMAX object catalog (Fig. 5c). The ABCD matrix
method shows that the cloaking condition can be met with the
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correct OPL of the prism. In the figure, the ABCD matrix
places the entrance and exit pupil of the prism as a paraxial
element, which causes the sudden change of ray height at
the prism. When modeling the prism with the non-sequential
surface, the binocular’s encased prism size is estimated as well
the glass type. The built-in prism model is scaled to 7× the
original size, and silica is used as the glass type. From the
model, there are still some unknown parameters for the
Nikon prism pair; this leads to a non-ideal perspective correct
system in the model. However, experimentally, the placement
of the field lenses was able to be adjusted to correct for the
unknown distances.

The prism caused vignetting creating a smaller field of view
than is possible with the lens group only. Larger prisms would
reduce vignetting; however, we did not optimize this system
for its field of view (Appendix C1). Another configuration
using a Dove–Harting prism array was assembled and tested.
Its shorter normalized optical path length provided a larger
field of view (10°) than the Schmidt–Pechan; however, this

Dove–Harting prism array has a slight vertical viewpoint shift,
and there are seams from the prism interfaces.

Because these are inline systems, there are long distances
between the first elements (prism) and the last (final lens),
resulting in a small fields of view. A folded system would be
more compact and potentially provide a larger field of view.
The three-lens system with an x-cube prism would be shorter
and increase the field of view. The use of three lenses makes
this system perspective correct (Appendix C2) for all eye
reliefs and for viewing objects at all distances, because it
meets the cloaking condition. A two-lens folded system with
an x-cube prism to fold the path and erect the image (ala’
the real-image Bravais system) does not meet the cloaking
constraint (Appendix B2).

It can be shown that a looped two-lens system is possible
using an erecting prism and one relay with a looping mirror
system to place the relayed real image at the object (ala’ the
ELMO system); however, the looping mirror system would
make it bulky and cumbersome.

FIGURE 5 — Inverted optical cloak augmented reality (AR) display. a) Prototype, b) raytrace
with ABCD prism, c) raytrace with Penchan prism, d) AR view, and e) occluded AR view.
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Evaluating the background and contrast in the AR image
shows increased contrast capabilities when the occlusion mask
is used. The contrast is measured using the pixel values of
select regions in the image, C ¼ Imax�Imin

ImaxþImin
. The two regions

selected in the AR views in Fig. 6 are the tree trunk in the
window section (solid rectangle) and the leaves in the white
wall section (dashed rectangle). ImageJ11 is used to stack the
selected image and measure the pixel values from the same
location in each image. The resulting minimum, maximum,
and contrast values are provided in Table 1.

The overall improvement when the mask is in place is
apparent with contrast values of 92.21% and 88.52% the
window and white wall, respectively. The non-masked AR
image provides values of 73.52% and 47.34% for the same
regions. The non-masked image for the case of a darker
window background, the change in the image contrast
between the original image and the non-masked AR image,
is negligible, leading to the trunk of the AR tree having similar
contrast as the window itself.

4 Impact

The cloaking constraint allows us to create or optimize optical
layouts for perspective correct occlusion AR displays using ray
transfer analysis or constrained optimization in ray tracing
simulations. The system does not need to be designed for
particular object distances or eye relief. By generalizing the
requirements of a perspective correct occlusion-capable AR

display using the cloaking condition, we are able to analyze
and design several systems including two-lens, three-lens,
and four-lens group systems with inline, folded, and looped
configurations. Building upon the optical cloak constraint,
we will further explore techniques to increase field of view
while achieving a compact form factor.
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Appendices:
A. Normalized Optical Path Length for
Pechan Prism

For the raytrace analysis, we are interested in finding the
normalized optical path length (OPL) for an inline erecting
prism to fold the optical path and erect the view in two-lens
and three-lens optical cloak systems. The OPL is the ratio of
the folded optical path in the prism’s medium and the free-
space path length between the prism’s input and output
planes. Different inline erecting prisms of length d will have
different OPLs, but their ABCD matrix will generally fit the

form of
�1 �d∙OPL

0 �1

� �
. To determine the OPL of a

particular prism, we shall use ray transfer analysis. One such
prism is the Schmidt–Pechan prism, constructed using a
combination of a half-penta prism and a Schmidt prism. For
our purposes, we can model the prism as a set of sequential
mirrors embedded in a medium of refraction index n and
follow the path of the optical axis through the prism. For this
analysis, the chief ray travels 2

5 d from prism’s front face to
reflect off the main 45° mirror, 35 d to the bottom 67.5° mirror,
3
ffiffi
2

p
5 d to the prism’s vertical back face, 3

ffiffi
2

p
5 d to the top 67.5°

mirror, 35 d to the back of the 45° mirror then travels 3
5 d to pass

through the prism’s back face.

FIGURE 6 — Evaluation of the contrast of the augmented reality (AR) view (a), non-masked AR
image (b), and a masked AR image (c). Two regions are selected for contrast evaluation, the window
area (solid rectangle) with the AR tree trunk and the white wall area (dashed rectangle) with the AR
leaves and branches.

TABLE 1 — Evaluation of pixel values to determine contrast from image
regions in Fig. 6.

Window/tree trunk White wall/leaves

Image Min Max Contrast (%) Min Max Contrast (%)

a) 33 216 73.49 171 219 12.31
b) 29 190 73.52 84 235 47.34
c) 6 148 92.21 14 230 88.52
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The OPL is therefore

OPLpechan ¼
11þ 6

ffiffiffi
2

p� �
5n

(A:2)

Using the index of refraction for glass, n=1.5 gives an
OPLpechan = 2.60. An object that passes through a Schmidt–
Pechan prism will appear as an inverted image 2.60 times
the prism’s depth further away than without a prism.
The OPL of other prisms and variations can be solved in a
similar manner.

B1. Inline Two-Lens System Analysis

The optical constraint condition for a generic two-lens
inline system with an erecting prism is described by
equating the concatenated ABCD matrices of an erecting
prism of length, d, and optical path length, d ∙OPL, and
two lenses of focal lengths, f1 and f2, separated by a
distance, t, to the ABCD matrix for a ray travelling the
distance between the prism input and last lens d+ t in free
space (Fig. A1).
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Simplifying
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Solving this set of equations gives f= f1 = f2, t=2f, and
d ¼ 4f

OPL�1ð Þ.

Although this system meets the optical constraint, it is not
very flexible in its design. For two lenses must be the same
focal length, f; and the spacing and prism depth (which is also
constrained by its OPL based on its type) are both
constrained by f. The depth of the prism is almost as deep
as the spacing between the lenses. This also constrains the
depth of the entire system and hence the field of view. The
optical delay of the prism outside the lens pair is required
for an inline two-lens system to meet the optical cloaking
constraint.

B2. Folded Two-Lens System Analysis

Here, we show that a folded system using two-lens groups
(objective and eyepiece) is not a perspective correct system
satisfying the optical constraint condition. An example, we
analyze a two-lens system each of focal length, f, with an x-
cube prism of index of refraction n, depth, d, and folded path
length, 2L, between them (acting as both an erector and fold
mirrors) and a reflective occluder at the focal plane.

The optical constraint condition using ray transfer analysis
for this system is as follows.
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FIGURE A1 — Two-lens with erecting prism.
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Simplifying
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Solving for L and d gives

L ¼ fn d ¼ -2f (B2:3)

L and d are both distances; however, from Eq. [(B2.3)], they
have opposite signs so one must be negative. We cannot have
a negative distance, so this configuration of a two-lens system
with an x-cube prism between the lenses does not meet the
cloaking constraint.

C1. Compact Optical Cloak System (Three-
lens) Analysis

Here, we show that a three-lens system with an erecting prism
meets the optical cloak constraint and produces a perspective
correct system.

The optical cloaking constraint for this system is described
by equating the concatenated ABCD matrices of an erecting
prism of length, t, and normalized optical path length, OPL,
two lenses of equal focal lengths, f1, separated by a distance
2 f1, with a field lens (located at the focal plane of the two
previous lenses) of focal length f2, to the ABCD matrix for a
ray travelling a distance equal to twice the focal length f1 plus
the thickness of the prism, t, in free space

1 0

� 1
f 1

1

2
4

3
5 1 f 1

0 1

� � 1 0

� 1
f 2

1

2
4

3
5 1 f 1

0 1

� � 1 0

� 1
f 1

1

2
4

3
5 �1 �t�OPL

0 �1

� �

¼ 1 2f 1 þ t

0 1

� �
(C1:1)

Simplifying the left hand side of the equation (LHS)
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Solving for f2 results in

f 2 ¼
f 1

2

4f 1 � OPL� 1ð Þ�t (C1:3)

We conclude that this three-lens system with a field lens
of the focal length given by Eq. [(C1.3)] satisfies the cloaking

constraint. We can split the field lens, which gives this
system an accessible focal plane, allowing it to be used as a
perspective correct occlusion capable AR display. Compared
with the two-lens inline cloak, we have more flexibility in the
design, because we can choose different combinations of f1
and t, and then f2 can be found to meet the optical cloak
constraint.

This system can also be used as a three-lens optical cloak to
hide objects outside the system’s caustic.

C2. X-Cube Prism Three-Lens System Analysis

Although the folded two-lens system with an x-cube prism is
not perspective correct, we show that a three-lens system
with an x-cube erector prism is perspective correct, which
could lead to a very compact perspective correct occlusion
capable system. This system consists of two lenses each of
focal length f with an x-cube prism of index of refraction n,
depth, d, and folded path length, 2L, between them (acting
as both an erector and fold mirrors) and a field lens of focal
length, f2, and a reflective occluder at the focal plane
(Fig. A2).
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Letting d= f for a cube prism, and solving for L and f2 gives

FIGURE A2 — Three-lens x-prism.
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L ¼ fn and f 2 ¼
2
3
f (C2:3)

The third lens is a field lens of focal length f2 with a
reflective Spatial Light Modulator (SLM) at the focal plane
acting as an occluder. Light transverses the field lens twice.

D. Folded Optical Cloak System (Four-lens)
Analysis

Here, we show that a folded four-lens system can meet the
optical cloak constraint and produce a perspective correct
system with an accessible real image plane for adding an
occluder. We model a folded optical system of two spaced 4f
relays (two lenses of focal length f spaced 2f apart) using ray
transfer ABCD matrices, equating the result to an ABCD
matrix for a ray travelling through the inline distance, d,
between the input and output lenses, and solve for the
spacing between the two relay sets, t (Fig. 2).
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Simplifying the LHS

1 t� 4f

0 1

� �
¼ 1 d

0 1

� �
(D:2)

Solving for t, the spacing between the two relay sets,

t ¼ dþ 4f (D:3)

E. ELMO as a Looped Optical Cloak System
Analysis

The ELMO system consists of a double-sided mirror, with
two 1:1 magnification 4f relays, each with lenses of focal
length f spaced 2f apart. The two relays are spaced a distance
2f apart. The mirror is the only inline surface (so the inline
distance, d, equals 0), and there is a spacing of 3f/2 between
the mirror and the first lens and a spacing of f/2 after the last
lens to the mirror. This configuration allows the optical path to
form a loop, so a real image of the viewpoint is relayed around
the loop and before the mirror, allowing a virtual image of the
viewpoint in the mirror to be collocated with the actual
viewpoint. The resulting ray transfer matrix is in an identity
matrix, so all rays from one side of the mirror appear at the
same height and angle on the other side of the mirror.
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