
Turning Polygons on a lathe   (c) Tony Foale November 2022

I recently came across the method of turning polygons, multi-sided shapes, on a lathe using a rotating cutter.
This was new to me but a quick internet search showed that it was a well known technique applicable for
home hobbyists with limited facilities as well as commercial users and is even used on CNC lathes.  Even
with CNC it is faster than some other methods such as indexed milling.

Image taken from CMZ video https://www.youtube.com/watch?v=uS3D0VPnDSY

Here are some links for those unfamiliar with the concept, as I was.

Link to a CNC application video https://www.youtube.com/watch?v=hmco8mI79gc

Link to a nice animation https://www.youtube.com/watch?v=ykB6VsFC_cA

Here is a home built version https://www.youtube.com/watch?v=DI_vSQ_D5iA

A more complex DIY effort https://www.youtube.com/watch?v=SffBNPlxHjoh

To satisfy my curiosity I needed to understand the mathematics behind this bit of magic.  Internet searches
came up with absolutely nothing.  So I had to derive the expressions myself.  I was expecting some complex
geometry  to  solve but  the reality  is  that  the mathematics are very simple.   To avoid  boring those who
consider any maths to be the work of the devil I have put the derivation in an appendix at the end.

The mechanical details are also quite simple, basically all that is required in addition to a lathe is a live
spindle with an axis parallel to the lathe spindle axis and driven at a known multiple of the lathe spindle
speed, usually twice as fast. This live spindle will have one or more cutting tools, evenly spaced.

The number of flats on the produced polygon is the multiple of the number of evenly spaced cutting edges
and the ratio of spindle speeds.  For example if the speed ratio is two cutting spindle revolutions to each
lathe spindle revolution and there are three cutting edges then you will get a hexagon, a six sided shape.

https://www.youtube.com/watch?v=SffBNPlxHjo
https://www.youtube.com/watch?v=DI_vSQ_D5iA
https://www.youtube.com/watch?v=ykB6VsFC_cA
https://www.youtube.com/watch?v=hmco8mI79gc
https://www.youtube.com/watch?v=uS3D0VPnDSY


Image from https://www.youtube.com/watch?v=NZtjZHcnOts

The image above shows a hexagon being machined with a larger diameter cutter spindle fitted with 3 cutting
edges.  The cutter spindle must be spinning at double the speed of the lathe spindle to produce six flats.
Note the unused tool position near the bottom.  That is to set it up with two cutting edges which would cut a
four sided piece. The tool holder and dummy tool are fitted for balance purposes.

There are five basic variables that affect the polygon that we can turn in a lathe.

1. Ratio of cutter radius to workpiece radius. 

2. Ratio of live tooling spindle speed to the lathe spindle speed. (Referred to as the gear ratio from now on)

3. Number of cutting edges.

4. Relative rotation. The cutting spindle can turn as the work or in the opposite direction.

5. Depth of cut. (Referred to as DOC.)

Shapes can be produced by more than one combination of these variables.  For example if you wanted a
three sided polygon, a triangular shape, you could have a cutting spindle rotating at three times the speed of
the work spindle with a single cutting tool.  A gear ratio of 1 with 3 cutting edges will also produce a triangular
shape but the two shapes will not be identical.  The “flats” will in fact be curved and the curvature will vary
from case to case.

There are only two combinations of integer gear ratios and cutting edges that will produce a prime number of
sides.  Another example would be if you wanted 7 sides.  You need either a 1:1 gear ratio and 7 cutting
edges or a gear ratio of 7:1 and 1 cutting edge.  Non-prime numbers allow more flexibility in the choice of
setup.  For example there are four options for cutting a hexagon.  

Gear ratio = 1, cutting edges = 6:  Gear ratio = 2, cutting edges = 3.  

Gear ratio = 3, cutting edges = 2:  Gear ratio = 6, cutting edges =1.  

Let us see if we can get an intuitive understanding of the action that produces this apparent magic of making
near straight surfaces by a turning operation.

https://www.youtube.com/watch?v=NZtjZHcnOts


Imagine that we have a cutting tool with an infinite or very large radius, then the path of the cutting edge will
be near a straight line as it passes the work piece and the velocity of the cutting edge will be very high.  So
the workpiece will not have rotated much as the tool cuts through it.  Thus producing a near flat surface on
the workpiece.

This extreme example indicates that with a large cutter radius we can get a near flat surface.  Even with
practical  sizes  for  the  cutting  head  it  is  possible  to  approach  flat  sides  due  to  the  interaction  of  the
movements of the cutting edges and the work piece.  The following shows how with a couple of pieces of
cardboard, protractors and drawing pins we can simulate the path traced out by the cutting tool on the
workpiece. Watch a 50 seconds shorts video at https://youtube.com/shorts/2YinPw1iDQk ..

The radius of the cutting edge (left side object) was double the radius of the model workpiece.  The gear ratio
was 2:1 so the model tool was rotated in angular steps double those of the workpiece.  At each step a red
dot was placed at the tip of the cutting edge.  This crude visualisation tool clearly shows that the cutting line
is a close approximation to a straight line.  You are encouraged to try this yourself.

https://youtube.com/shorts/2YinPw1iDQk


I produced a spreadsheet, based on the geometric derivations, which calculates and draws the shape that
will be produced with various combinations of the above variables.  The spread sheet can be downloaded
from  https://s3-us-west-1.amazonaws.com/hmt-forum/tonyfoale_polygon_turning.xls and  you  are
encouraged to play around with values for the inputs.   The radius of  the workpiece in the calculations
defaults to 10 mm but any other radius can be evaluated by simple scaling of the cutter and workpiece radii.
The following shows a few examples with some different combinations of the input variables.

The red shows the original round bar and the blue shows the cut lines. The above shows two ways of making
a triangular shape. Both cases have a 10 mm radius workpiece, a 50 mm radius cutting tool which turns in
the same direction as the work.  On the left we have a gear ratio of 1 with 3 cutting edges and a total DOC of
4 mm, on the right the gear ratio is 3 with one cutting edge and a DOC of 5 mm. 

The amount of curvature of the machined faces is dependent on the radius of the cutting edges.  In the
above cases the sides get close to flat with a cutter radius over 200 mm or more correctly 20 times the work
radius. That may be outside of the range of practicality.

 
3 sided figures again, both with DOC of 4 mm but this time with the cutting spindle rotating in the opposite
direction to the lathe spindle.  On the left is a gear ratio of 1, to the right the gear ratio is 3.

https://s3-us-west-1.amazonaws.com/hmt-forum/tonyfoale_polygon_turning.xls


Let us now consider the case of a gear ratio of 2:1 which I believe is the most used.  It is in fact almost a
magic number.  As long as the cutter radius is more than about double the work radius then the sides will be
very flat in the case of same sense rotation of work and tool. So with a tool radius of 100 mm we could cut
work pieces up to 50 mm radius ( that is around 4” diameter ) with reasonably flat sides, regardless of the
number of sides.  So let us look at examples with a 2:1 gear ratio.  The first three examples have the work
and cutter rotating in the same direction, the last is with counter rotations.

All the above examples have used integer values for the gear ratio but this is not strictly necessary.  The
important thing is that the multiple of the gear ratio and the number of cutting edges equates to an integer.
For example a 2.5 gear ratio and 2 cutting tools is another way to get a pentagon, 5 sided figure.  A gear ratio
of 11/3 with 3 cutting tools will create a 4 sided shape. CNC machines can easily be setup to any convenient
gear ratio but home built lathe conversions will be limited by the tool spindle drive methods available.

As we have seen the sides of the polygons produced in this way are not completely flat, although a gear ratio
of 2:1 is very close.  On a CNC machine the X axis (in and out) can be controlled and so these machines can
be programmed to give “perfectly” flat sides regardless of the gear ratio and cutter diameter.



To use the spreadsheet you only need play with the values in the green cells, all the rest is calculated.

Appendix.
Derivation of the controlling equations.  

The following derivations form the basis  of  the spreadsheet.   Only  an elementary knowledge of  simple
trigonometry is needed to follow along.  



In the sketch the left side circle is the path of the cutting edge, with the right side circle being the workpiece.
The two circles overlap by the value of DOC.  For the purpose of developing the equations it is not necessary
to specify practical gear ratios, nor the number of cutting edges.  The radius of the cutting edge path and the
work piece plus the DOC are all that is necessary.

Meaning of symbols used on the sketch and the following derivation.

R1 – Radius of cutter edge.

R2 = radius of workpiece.

R3 – Radius from the workpiece centre to Pn.

X0 – Distance between the two axes.

Pn – A point at the end of the cutting edge at an arbitrary angular step of the cutting tool.

Xn, Yn – Coordinates of Pn referenced to the cutter axis and the line joining both axes.

Xnw – X coordinate of Pn referenced to the workpiece centre and the line joining both axes.

Xw, Yw  – Coordinates of Pn referenced to the rotated workpiece.

a  -  Alpha, an arbitrary angular step of the workpiece  All calculations are based on this angle.

q  -  Theta, angular displacement of the cutting tool. Geared to the workpiece.

b  -  The angle of the line between the workpiece centre and Pn

GR – Gear ratio.

DOC – Depth of Cut.

The derivation.

q = a*GR

X0 = R1 + R2 – DOC

Xn = R1cos(q)

Yn = R1sin(q)

Xnw = X0 - Xn

b = -arctan(Yn/Xnw)   

R3 = Yn / sin(b) or R3 = sqrt(Yn
2 + Xnw

2)

With R3 and b now calculated for any point Pn we only need to map Pn onto the base line of the work piece,

which has rotated by angle a, with a simple coordinate transformation as follows. 

Xw = R3cos( a + b)

Yw = R3sin( a + b)

These are the coordinates of any point on the cut line referenced to the workpiece for the cases which have

the two spindles rotating in the same direction.  For counter rotating spindles, b will have the opposite sign
and so the above coordinates become;

Xw = R3cos( a - b)

Yw = R3sin( a – b)

The spreadsheet calculates these values by stepping through the value of alpha,  a, and then plotting Yw

against Xw for the three cases of 1, 2 and 3 cutting tools.
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