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woand e vertices, then me is the edge (no parallel edges are allowed)
tween iand e and (o, 0} is a sel ol vertices.

Construction of Quartic Graphs

o complete graph with m vertices.

toa graph and 1 s a set of vertices of G, then G — V is the graph
| from & by removing all the vertices of ¥ and the edges
cled to them.

S. Toiba

Department of Systems Design, University of Waterloo,
Warerloo, Ontarie, Canada

Communicated by W, T. Tutte
Received May 2, 1972

3. RepuctioN oF QUARTIC GRAPHS

Liven o Gy, , there are a number of ways of reducing it to a Gj, where
11 Let us consider two among them:

It is shown that all quartic graphs can be constructed successively from i1/
by applying two types of operations called H-type and F-type expansions,

It is also shown that the two types of operations are necessary to success|yil
construct a regular graph of an even degree from a complete graph of the
degree.

1) Ftipe reduction.  Let v be a vertex of Ggy, . Then » has 2n adjacent
o let vy, v Uy be the adjacent vertices of z. Suppose that
1. can be paired such that each of the pairs is not connected by
Ll in Gy, . For example {vy , va}y {ty, Cabyenns {Caia s Loy {0ana s Vau}
aich pairs if there are no edges vyy_yvo; in GI, where i = 1,2,..., .
il we can produce G from Gy by removing the vertex v and its
s and by adding an edge between each of the pairs of the vertices, In
le (G2 — {e1) U (Ul {vaiaties)) is a desired G2, We call this
(v ol reduction a V-type reduction.

1. INTRODUCTION

Properties of cubic graphs have been investigated by a number of
Among them is Johnson's work [1] (see also Ore [2]) on constructiol
reduction of cubic graphs. According to Johnson, a cubic graph
reduced to another cubic graph with a smaller number of vertices b
operation called H-reduction. Also a cubic graph can be expandi
another cubic graph with a larger number of vertices. Recently Toi(
modified Johnson’s results to find a method of constructing a pl
cubic graph from another planar cubic graph with a smaller numly
vertices, These works suggest the problems of how to reduce
construct regular graphs of a general degree.

In this paper as a first step toward the generalization the proble
solved for quartic graphs, i.e., regular graphs of degree 4. Some
results on quartic graphs are generalized for regular graphs of even d

1) H-type reduction.  Let u and v be a pair of vertices of Gy, connected
ait cidge, Then there are 2m vertices connected to w and 2m vertices
ed to o,

LUl 11, 1) 5 Vg yous Vag_q be the 2n vertices connected to ¢ and Iet
L My 4oy Ugg_y be the 2n vertices connected to u. Some of the u,'s may
tical to some of the vy's, where i, j =1, 2,...., 2n — 1. Since a
1ple, no two of u,’s (or v,’s) can be identical. Hence any u; cannot
cal to more than one »; .

se that uy | Ug ey Map_g » U1 s Ug ey gy €aN be paired such that

(1) cach pair consists of two distinct vertices,
(') the vertices in any pair are not connected by an edge of GJ, ,

(1 each of a;’s (v’s) appears once and only once in the pairs unless
iical to a v; (a uy). If a u, is identical to a v, then u; is paired with
distinet vertices to form two pairs.

2. PRELIMINARIES

We list symbols which are used often in this paper: .
an P Huppose such a pairing is possible, then we can produce a Gi* from

. by removing the vertices # and v and their edges and by adding an
| between the vertices of each pair.

G, is a simple regular undirected graph of degree 2n with m v
where n = 2,

124
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edges uytis , 1y , and wyp, , that is,

(Go — ([, 01) U {gg , by, 1505}
isa Gt
We call this type of reduction an H-type reduction.

(or G3,") by an H- (or V)-type reduction.
RN

A

AN

>

&
TR

\i?\x Pl

FiGure 1

For example, suppose that, in a G, , b, 0y 5 i1, and iy arve adjoces
U, Uy, vy, and v, are adjacent to &, u, is identical to o, wy is identical
all other vertices are distinct, edges w,v, and ey exist, and no other
exist among u’s and ©'s. Then clearly (uy , u2), (1, , vy), and (i ...
pairing which satisfies the above-mentioned (1)-(3). Hence we can |y
a Gz, * from G, by removing vertices # and v and their edges and by i

We say Gi, is H-(or V)-irreducible if it cannot be reduced Lo

CONSTRUCTION OF OUARTIC GIRAPHS 127

FiGURE 2

(e praph of Figure 1 is V-irreducible and the graph of Figure 2 is

+ a regular graph of an even degree from a given regular graph of
© degree. A natural question then is whether one can always apply
one of the two types of reduction to the given graph. Though we
( say anything definite on general regular graphs, we show in the
W that this is the case for connected quartic graphs except K;.
i, any connected quartic graph can be reduced to K; by applying
i 1d/or P-type reductions.

We investigate the cases in which a vertex of a quartic graph cannot
I tliminated by a V-type reduction.

-

Diprmion 1. A star consists of four vertices and three edges such
ne of the vertices is connected to each of the other three vertices by
.

| lelte is a complete graph with three vertices plus an isolated vertex.

It the following, a “graph™ means a simple regular graph of degree 4.

[wriration 2. Let ¢ be a vertex of a graph G.

Il (here is a subgraph in G which is a star (a delta) and the four vertices
jaent to v in G are in the subgraph we say that v is connected fo the
i (the delta).

li/16y 2-3
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128 5. TOIDA CONSTRUCTION OF QUAIRTIC GIRADTIS 129

1 i adjaeent to e and to three of the verlices of the delta to which v
I connected,

1 (1) there is obviously a #-graph. Case (b) cannot happen. Case (d)
baily pives us a Ky as G,

11 e (e) let p be the fourth vertex adjacent to w. Since p cannot be in
| ;1 must be connected to a delta. If p is adjacent to one of the vertices
(e to which v is connected, then p can be removed from G by a
1y e reduction. Hence p is not adjacent to any of the vertices of the delta

Thus G contains a B-graph in case (¢).
Ilence the theorem is true in this case.

Lemma 1. f a vertex, call it v, of a graph G cannot be remone
V-type reduction, then v is connected to either a star or a delta,

Proof. Suppose that v is connected to vertices w, x, 3, and 2 0
these form neither a star nor a delta in G. Since v cannot be remaoy
a P-type reduction, at least one of each of the pairs of edges {1
{wy, xz}, and (wz, xy} is in G. Without loss of generality assume (lil
and wy are edges of G. Since, w, x, ¥, and z do not form a delta, |
xy is not in G. Furthermore, since w, x, », and z do not form a star |
the edge wz is not in G. But one of the edges xy and wz must be in (/
is a contradiction. Thus we have the lemma.

The following theorem is one of the main results of this paper, (1) iy eonnected to a star. In this case we show that G'is a K.

DermviTion 3. A B-graph is a graph obtained by connecti
K,'s by an edge. Sce Figure 3.

E i

FIGuRre 3

THEOREM 1. If a connected graph G is V-irreducible, then either (i |
or G contains a B-graph as a subgraph.

a P-type reduction, v is connected to either a delta or a star.

Case 1. v is connected to a delta. Let w be the isolated vertex (
delta to which v is connected. Since G is V-irreducible, the vertex w
connected to either a delta or a star.

W

(1) w is connected to a delta. Consider the following four cases: g

(a) w is adjacent to » and to no other vertices of the delta to wh Pisuie 4

connected.
(b) w is adjacent to ¢ and to one of the vertices of the delta to which
connected. i
(¢) wis adjacent to v and to two of the vertices of the delta to whicl
connected.

115l we name the vertices of a star and a delta as in Figure 4 where v
«in Figure 4A are the v and the w of G. Since w is connected to a star,
i Vigure 4A must be identical to w in Figure 4B and v must be identical
i one of ry 5, t, and u of Figure 4B.
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130 5. TOIDA

If ¢ is identical to s, then {x, p, z} must be identical to o, ¢, w}. Hop
w of Figure 4A must be adjacent to each of the vertices x, 1, and 2, Thu
we have a K, in this case.

If ¢ is identical to r, ¢, or u, then one of the vertices x, y, and z muul _{
identical to s. Without loss of generality let us assume that v is identi
to rand that x is identical to 5. Then x must be adjacent to w and {y, z} o
be identical to {r, #}. Hence each of the vertices y and z must be adjuce
to w. Thus we have a K, in this case.

Case 2. v is connected to a star. In this case all we need show s
no V-irreducible graph G exists such that G has no vertex whicl
connected to a delta. For if there is a vertex in & which is connectod |
a delta then this case reduces to Case 1.

Suppose that ¢ is connected to vertices w, x, 3, and z. Then these ver
form a star. Hence one of them, say x, is connected to all the rest
Since G is V-irreducible, w is connected to either a delta or a star,
no vertex of G is connected to a delta, Hence w must be connected to i 4l
Thus w must be connected to y and z as well. But then clearly verticen
w, and x are connected to deltas. Thus it is impossible to constru
V-irreducible graph such that it has no vertex which is connected

delta.

As we can casily see, if a graph contains a B-graph as a subgrapl (U
H-reducible. (Apply H-reduction to vertices # and », where # and ¢
as shown in Figure 3.) Hence we have the following theorem as a corol
to Theorem 1:

THEOREM 2. A connected graph is either H-reducible or v..wmn_:ni._M
itis not a K.

Thus we can say that H-type and F-type reductions are suflicienl |
reduce a simple quartic graph to a X .

4, CONSTRUCTION OF QUARTIC GRAPHS

In this section a “graph” still means a simple quartic graph.

There are obvious inverse operations of H-type and F-type reduction
We call them H-fype and F-type expansions, respectively. In this sec
we show that H-type and F-type expansions are necessary and sufficiul
to construct a graph from a Kj . Since we can obtain a graph from ana
graph by an H-type or a F-type reduction we need only show that we ¢
always obtain a connected graph by an H-type or a V-type reduction.

REMARK 1. Inany graph the number of vertices of odd degreesis e

CONSTRUCTION OF QUARTIC GRAI'S 131

ftmank 2, No quartic graph can have a bridge.
or peneral quartic graphs we have the following theorem.
[tworesm 3. Every connected graph Gy with m vertices can be con-

tod either from a connected G be a V-type expansion or from a
wted Gy by an H-type expansion.

Since from Theorem 2 we know that G, can be reduced to
or QMT». all we have to do is show that this can be done in such

A way that they are actually connected.

Cise 1. A graph Gy obtained from G by a V-type reduction is not

Lannceted,

lel v be the vertex of G,™ which is removed to obtain the GJ* .

, x, y and z be the adjacent vertices of ».

! is not connected then G, — {v} is not connected.

| ¢t us consider possible positions of w, x, y, and z in G;* — {¢}.

yose that one of them is in one connected component of G, — {&}
at others are in different component(s) from the first. Then G,
have a bridge. But by Remark 2 it cannot happen. Hence the only
ty is that two of them, say w and x, are in one connected com-
of Gy — {r} and the remaining two are in the other. In this case
1 edges wy and xz to G," — {v}. Then the resultant graph is con-
and it is obtained from G;* by a V-type reduction. Hence the
em is true for Case 1.

Case 2. A graph G§7* obtained from G by an H-type reduction is
nif connected.

let i and » be the vertices of G, which are removed to obtain G§2,

l et g, r, and s be the adjacent vertices of u other than v.

| et x, y, and z be the adjacent vertices of ¢ other than wu.

II' G5 * is not connected then G, — {i, v} is not connected.

As we can see, some of {g, r. s} may be identical to some of {x, y, z}.
Iliere are three possibilities: The first one is when all of g, r, 5, x, ¥, and z
tinct; the sccond one is when one of g, r, and s is identical to one
, and z; and the third one is when more than one of ¢, r, and s are
al to the same number of x, y, and =:

IA) ¢, . 8 x, 3, and z are all distinct. Let us consider possible positions
alifory s, x, v, and zin Gy — {u, v}. Then by the same reason as for Case 1
fich connected component of G, — {i, v} must contain at least two
ol the vertices ¢, r, 5, x, ¥, and z, Suppose that a connected component
ol 64" — {u, v} contains an odd number of them. Then Remark 1 is
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CONSTRUCTION OF QUARTIC GRAPHS 133

violated since the rest of the vertices of the component are of degi

For repular graphs of an arbitrary even degree it has been shown that
Thus we have the following two possibilities:

S0l the two reductions alone s not sufficient to reduce them to a
" le graph of the same degree. It remains to be seen if the two are
Sullicient Tor regular eraphs of even degrees other than 4.

I'or sepular graphs of odd degrees the only known reduction
i ion) procedure is that for cubic graphs. While it can be easily
e | I-type reductions reduce some of them, whether they are
SlllEient is anyone’s guess.

(1) Two of them are in one connected component of G,» — {u, v} i
the rest are in the other,

(2) Each connected component of G," — {u, #} contains exactly twa
them.

For both of the cases (1) and (2) it is easy to find a pairing of the ver(
g, 1, 8, x, ¥, and z so that the resultant G3~* is connected, Henco |
theoren is true for Case 2(A).

ACKNOWLEDGMENTS
(B) One of the vertices ¢. r, and s is identical to one of the verticy
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Let us assume that » is identical to x.
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and z:

would like to express his deepest appreciation of criticisms and comments

reviewers,
I of Lemma I and Case 2 of Theorem 1 are by one of the reviewers and are
¥ more clegant and simpler than the original ones by the author. Also

o the author by the same reviewer are Remarks 1 and 2, which greatly
proof of Theorem 3.

(1) #is in one connected component of Gy — {u, v}, two of the rem
four are in a second, and the rest are in the third,

(2) r and two of 4 8, », and z are in one connected componelf
Gy — {u, v} and the rest are in the other.

(3) r is in one connected component of G,™ — {u, v} and the rest af
the other,

L1 L Jonson, A proof of the four-coloring of the edges of a regular three-degree

OLR.C. 63-28 (R.R) mimeographed report, Operations Research Center,
ty of California, 1963,

The Four-Color Problem,” Academic FPress, New York, 1967,
Properties of a planar cubic graph, J. Frankfin Inst. 205, No. 2 (1973),

For the cases (1) and (2) it is not difficult to find a pairing of the voil 108174,
4. 1, 5, ¥, and z so that the resultant graph is a connected G2 No
r must be paired with two distinct vertices,

For the case (3), no matter what edges we add to G,» — fat, 1

produce a G{'*, the G'"-% is always connected.

(C) More than one of the vertices ¢, r, and s are identical to the wis
number of vertices of x, y, and z. In this case all I'""'s obtained from
by an H-type reduction are connected. Hence the theorem is true ...._. ]
case.

Since all possibilities are exhausted we have the theorem.

5. ConcLusion

It has been shown that a simple quartic graph can be reduced {0 |
by H-type and/or ¥V-type reductions and that one can be construe
H-type and/or P-type expansions from a K;,
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