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Two Topics on Linear Unequal Error

Protection Codes:

Bounds on Their

Length and Cyclic Code Classes

WIL J. VAN GILS, MEMBER, IEEE

Abstract—1t is possible for a linear block code to provide more protec-
tion for selected positions in the input message words than is guaranteed by
the minimum distance of the code. Linear codes having this property are
called linear unequal error protection (LUEP) codes. Bounds on the length
of a LUEP code that ensures a given unequal error protection are derived.
A majority decoding method for certain classes of cyclic binary UEP codes
is treated. A list of short (i.e., of length less than 16) binary LUEP codes of
optimal (i.e., minimal) length and a list of all cyclic binary UEP codes of
length less than 40 are included.

I. INTRODUCTION

OST error-correcting block codes considered in the

literature have the property that their correcting
capabilities are described in terms of the correct reception
of the entire message. These codes can successfully be
applied in those cases where all positions in a message
word require equal protection against errors.

However, many applications exist in which some mes-
sage positions are more important than others. For exam-
ple in transmitting numerical data, errors in the sign or in
the high-order digits are more serious than are errors in the
low-order digits. As another example consider the trans-
mission of message words from different sources simulta-
neously in only one codeword, where the different sources
have different demands concerning the protection against
errors.

Linear codes that protect some positions in a message
word against a larger number of errors than other ones are
called linear unequal error protection (LUEP) codes.
Masnick and Wolf [8] introduced the concept of unequal
error protection (UEP). But, in contrast with what one
would expect, they considered error protection of single
positions in codewords. In this paper we consider error
protection of single positions in the input message words,
following the formal definitions of Dunning and Robbins
[2]. They introduced a so-called separation vector to mea-
sure the error-correcting capability of a LUEP code.
Whenever a k-dimensional LUEP code over GF (g) with
separation vector s = (s, 5,,- - *,8;) is used on g-ary sym-
metric channel, complete nearest neighbor decoding [7, p.
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11} guarantees the correct interpretation of the ith input
message digit if no more than |(s; — 1)/2| errors have
occurred in the transmitted codeword.

A basic problem is to find a LUEP code with a given
dimension and separation vector such that its length is
minimal and hence its information rate is maximal. In
Section III we derive a number of bounds on the length of
LUEP codes. For the special case where all message posi-
tions are equally protected, some of our bounds reduce to
the well-known Singleton, Plotkin, and Griesmer Bounds.
Some earlier work on bounds was done by Katsman [6]; he
derived Corollary 14 for the binary case. Our bounds give
better results than the bound in [6]. Table I provides a
table of binary LUEP codes with maximal separation
vector and length less than or equal te 15.

In Section IV we consider classes of cyclic UEP codes
that can be decoded by majority decoding methods. Earlier
results on cyclic UEP codes were obtained by Dyn’kin and
Togonidze [3]. Table II provides a table of all binary cyclic
UEP codes of length less than or equal to 39.

I1. DEFINITIONS AND PRELIMINARIES

A. The Separation Vector

Let g be a prime power and let GF(g) be the Galois
field of order g. A linear [n, k] code C of length n and
dimension k over GF(q) is a k-dimensional linear sub-
space of GF(¢)". A generator matrix G of this code is a
k-by-n matrix whose rows form a basis of C. The bijection
from GF (¢)* onto C that maps any element m € GF (¢)*
of the message set onto a codeword ¢ = mG is called an
encoding of C by means of the generator matrix G. For
x € GF(g)", wt(x) denotes the Hamming weight of x,
i.e., the number of nonzero components in x.

Dunning and Robbins [2] have introduced the following
formal definition.

Definition 1: For a linear [n, k] code C over the al-
phabet GF (q) the separation vector s(G) =
(5(G),,- - +,5(G),) of length k, with respect to a generator
matrix G of C, is defined by

s(G); = min {wt(mG)|m € GF(q)k, m; # 0},
i=1,-.k. (1)
This means that for any a, B € GF(q), a # 8, the sets

IPR2018-1557
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(mG)m € GF(q)*, m; = a} and {mG|m € GF(q)*, m,
= B} are at distance S(G); apart (i = 1,---,k). This ob-
servation implies the following error-correcting capability
of a code when we use it on a g-ary symmetric channel.

Theorem 1: For a linear [n, k] code C over GF(q),
which uses a matrix G for its encoding, complete nearest
neighbor decoding guarantees the correct interpretation of
the ith message digit whenever the error pattern has a
Hamming weight less than or equal to |(s(G); — 1)/2]
(| x] denotes the largest integer less than or equal to x).

From Definition 1 it is immediately clear that the
minimum distance of the code equals d = min {s(G),|i =
1,--+,k}. If a linear code C has a generator matrix G such
that the components of the separation vector s(G) are not
mutually equal, then the code C is called a linear unequal
error protection (LUEP) code.

One can easily decode LUEP codes by applying a syn-
drome decoding method using a standard array (cf. {7, p.
15}). This decoding method reaches the correction capabil-
ity given by Theorem 1, because of the following fact. For
a fixed coset R of a linear code C, encoded by means of a
generator matrix G, let U be the set of all possible coset
leaders of R. For any r € R, r + U contains all codewords
that are closet to r, i.e., at distance d(r, C) = min {wt(r —
¢)lc € C) fromr. If i € {1,---,k} is such that the weight
of the elements of U is less than or equal to
|(s(G); — 1)/2|, then the ith digits of the messages corre-
sponding to the elements of r + U are easily seen to be
mutually equal. Hence, if ¢ =mG is the transmitted
codeword and r is the received word such that wt(r — ¢) <
|(s(G),; — 1)/2| then syndrome decoding correctly repro-
duces the ith digit m; of the message m sent.

For two vectors x, y € N we define the ordering > by

x>y if x>y, foralli=1,---k,

where the ordering > in x; > y; denotes the natural order-
ing in the integers. We call a vector x € N* nonincreasing
ifx; zx;,fori=1,---k—1

By simultaneously permuting the message positions in
the message words and the rows of a generator matrix G,
we may obtain a generator matrix G for the code such that
s(G) is nonincreasing, i.e., s(G), > s(G),,, fori =1,---,
k — 1. From now on we assume that the message positions
and the rows in generator matrices are ordered such that
the corresponding separation vectors are nonincreasing.

B. Optimal Encoding

The separation vector defined by (1) depends upon the
choice of a generator matrix for the code. But, fortunately
every code has a so-called optimal generator matrix G*,
whose separation vector s(G*) is componentwise larger
than or equal to the separation vector s(G) of any other
generator matrix G of the code (notation: s(G*) > s(G)).
This was shown in [2]. From [2] we mention the following
two results, which we will need later on. For a linear [#, k]
code C and p € {0,---,n} let C(p) denote the set of
codewords in C of weight less than or equal to p, ie,
C(p) = {c € Cwi(e) < p}.

867

Theorem 2 [2, ths. 4 and 6]: a) A generator matrix G of
a linear [n, k] code C is optimal if and only if for any
p € {1,---,n} a subset X of the rows of G exists such that
the linear span {(C(p)) of C(p) equals the linear span { X)
of X.b)Forp € {1,---,n},dim{(C(p)) — dim{C(p — 1))
components of the separation vector of an optimal genera-
tor matrix G of a linear [n, k] code C are equal to p.

Theorem 3 [2, ths. 5 and 6]: For a linear [n, k] code C a
minimal weight generator matrix G, i.e., a generator matrix
of C with the minimal number of nonzero entries, is
optimal and satisfies wt(G,s) = 5(G); for i=1,---k,
where G,, denotes the ith row of G.

Hence the following definition makes sense.

Definition 2: The separation vector of a linear code is
defined as the separation vector of an optimal generator
matrix of the code.

We shall use the notation [#, k, s] for a linear code of
length n, dimension ., and (nonincreasing) separation vec-
tor s.

C. The Canonical Generator Matrix

Boyarinov and Katsman [1] have introduced a special
form of a generator matrix, called a canonical form.

Definition 3: A generator matrix G of a linear [n, k]
code, whose nonincreasing separation vector s(G) has z
distinct components ¢, > ¢, > --- > ¢, with multiplicities
resp. ky, ky,--+,k,, is called canonical if the submatrix
consisting of the k rows of G and the first k columns of G
is a k-by-k lower triangular partitioned matrix having unit
matrices of order resp. k;-by-kq, k,-by-k,, - -, k,-by-k, on
its diagonal. That is, G has the following form:

(1, 0 0 0 |
G, I, - 0 0
3 : P
G._11 G,_1 K.y 0
Gz,l Gz 2 Gz,z—l Ik

(3)

Any generator matrix G of a code can be transformed
into a canonical generator matrix G, of the code, such
that s(G_,,) > s(G), by a number of elementary transfor-
mations on the rows of G, that are permutation and
addition of rows and multiplication of rows by scalars (cf.
[1], [4]). If we want to transform a generator matrix G into
a systematic generator matrix G, we cannot guarantee

that s(Gy,) > s(G). For example [4], for g = 2,

100001 1 110
11000100 0 1
G=|0 01 001 1 0 0 1
00010101 0 1
00001100 11

has separation vector s(bG) = (5,4,4,4,4). 1t is easy to see

that it is impossible to transform G into a RRBAIS8-1557
HTC EX1051, Page 8
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TABLE 1
SEPARATION VECTORS OF BINARY OPTIMAL LUEP CODES OF
LENGTH LESS THAN OR EQUAL TO 15

generator matrix G such that s(G,y,,) > (5,4,4,4,4). Ac-
tually, it can be easily verified that.a 5 X 10 binary sys-
tematic generator matrix with a separation vector of at

least (5,4, 4, 4,4) does not exist. n__ k_d(n,k) separation vector
4 2 2 32
III. Bounps oN THE LENGTH OF LUEP CoDEs s 2 3
. . . ‘1 . 5 3 2 322
A basic problem is to find LUEP codes with a given A "
dimension and separation vector such that their lengthis , , ; 5
minimal and hence their information rate is maximal. 6 4 2 3222
e p .o & 7 2 4 62, 54
Definition 4: For any prime powerq, k € N,ands € N 7 3 4 522
we define n (s) as the length of the shortest linear code 7 4 3 4222
over GF (gq) of dimension k with a separation vector of at 752 32222
least s and n¢*(s) as the length of the shortest linear code &8 % > 7% 6
. 9 . . . . 8 3 4 622, 544
over GF(q) of dimension k with separation vector (ex- s 4 4 5229
actly) s. 8 5 2 42222, 33332
. 7 . . . . 8 6 2 322222
An [n (), k, 5] code is called optimal if an [n(s), k, ] s 2 6 82, 74
code with ¢ > s, t # s, does not exist. For any prime power o 3 4 722, 644, 554
¢,k €N and s,t € N the functions n,(-) and n&(-) s & &  e222, sus
satisfy the following properties. 9 5 3 52222, 44442, 43333
9 6 2 422222, 333322
e
nq(s) < nqx(s), (4) s 7 2 3222222
. 10 2 [3 92, 84, 76
sst= nq(s) < n’q(t)’ (5) 0 3 5 822, 744, 664
. 10 4 4 7222, 6444, 5544
sst # nflx(s) S n;x(t). (6) 1 5 4 62222, 54444
To illustrate (6), observe that n§*(5,4,4) = 8 (cf. Table I)  '© & 3 522222, 4asdaz, 433332
ex . : . pe . 10 7 2 4222222, 3333222
and n5*(5,4, 3) = 9, which can be seen by easy verification. o 8 2 32222222
' We now derive upper and lower bounds for these func- |, 10.2, 9, 86
tions. o3 6 922, 844, 764
11 4 5 8222, 7444, 6644
A. Upper Bounds n s 4 72222, 64644, 55444
. ) 11 6 4 622222, 544442, 533333
The following theorem provides a trivial upper bound noo7 3 5222222, 4444222, 4333322
for n,(-) and nZ*(-) and an easy way to construct LUEP noo8 2 42222222, 33332222
codes. Let “|” denote concatenation. o9 2 322222222
) 12 2 8 11.2, 10.4, 96
Theorem 4: For any prime power g, k € N, v € N, and 123 6 10.22, 944, 864, 774, 766
an arbitrarily partitioned vector (sy|s,| -« |s,) € Nk we 12 4 6 0222, Bédd, 764
h 12 5 4 82222, 74444, 66444, 55554
ave 12 6 4 722222, 644444, 554444
v 12 7 4 6222222, 5444422, 5333332
ne¥ (s8] - -0 Is,) < > nex(s,). (7) 12 8 3 53222222, 44442222, 43333222
i=1 1209 2 422222222, 333322222
Ll : . 3222222222
The same inequality holds for n (-) (replace n&*(-) in (7) :2 ': Z e tos. %
by nq('))—' 13 3 7 11.22, 10.44, 964, 884, 866
. _ . : . 13 4 6 10.22, 9444, 8644, 7744, 7666
PrQ?f For u 63’ v let G, be 2 generator matrix of 13 5 s 92222, 84444, 76444, 66664, 66555
a code with length ng (s,) and separation Veqor s(G,) = Sy 56 4 822227, Thbhbh, 664444, 555544
Then G = diag(G,, G,," - -,G,) has separation vector s(G) 13 7 4 7222222, 6444442, 6333333, 5544442, 5444444
= (s9182] =+ Is,)- 13 8 4 62222222, 54644222, 53333322
13 9 3 522222222, 444422222, 433332222
Corollary 5: For any prime power g, k € N, and s € N* 15 10 2 4222220222, 3333222222
w¢e haVe 13 11 2 32222222222
X 14 2 9 13.2, 12,4, 11.6, 10.8
14 3 8 12.22, 11.44, 10.64, 984, 966
ex ) » s
n, (s) < E S (8) 1“4 7 11.222, 10,444, 9644, 8844, 8666
1%1 14 5 6 10.2222, 94444, B6444, 77444, 76666
Proof.’ Apply Theorem 4 Wlth v = k, and Gu — [11] 14 6 5 922222, 844444, T6444L, 666644, 665552
1% 7 4 8222222, 7444444, . , 5555444
. 1]’ 1 by Sy for all u = 1, -,k ; 444, 6644442, 6544444, 5555
14 8 4 72222222, 64444422, 63333332, 55444422, 54444444
Hence for any s € N* it is possible to construct a 194 622222222, 544442222, 533333222
14 10 3 5222222222, 4444222222

k-dimensional code over GF (¢) with separation vector s.

TPR2018-1557
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TABLE I
(continued)

n k  d(n,k) separation vector

14 11 2 42222222222, 33332222222

14 12 2 322222222222

15 2 10 14.2, 13.4, 12.6, 11.8

15 3 8 13.22, 12.44, 11.64, 10.84, 10.66, 988

15 4 8 12.222, 11.444, 10.644, 9844, 9666

15 5 7 11.2222, 10.4444, 96444, 88444, B6666

15 6 & 10.22222, 944444, 86444h, 774444, 766662, 166644,
765554

15 7 5 9222222, 8444444, 7644444, 6666444, 6655522

15 8 82222222, 74444442, 66444422, 65444442, . ....... n
64444444, ... .... 2)

15 9 4 722222223, 644444222, 633333322, 554444222, 544444444

15 10 4 6222222222, 5444422222, 5333332222

15 11 3 52222222222, 44442222222

15 12 2 422222 , 33332222222

15 13 2 | 3222222222222

B. Lower Bounds
We start with a trivial, but useful, lower bound on n ()

Theorem 6: For any prime power ¢, k € N, and s € N*
we have

1,8, — 1) + 1.
)

Proof: By deleting a column from a k-by-(n (s)) ma-
trix G with separation vector s(G) > (s, 55, " *,8;), We
obtain a k-by-(n (s) — 1) matrix G’ with separation vector
s(G)=z(sy— 1,8, —1,---,5, — D).

ni(s1, 85,0 8) =0 (s) — 1,5, —

Theorem 7: For q =2, any k € N, and (sy, 55, -,5;)
€ N* we have ’

"2(51a52a""sk)
+1 s, +1 +1
> nz(zlsl2 J,z[qzz j,n-,zlskz J)——l.

(10)

The same inequality holds when we replace n,(-) by n%*(-).

Proof: By adding an overall parity check to a binary
[n = n,(s;,"-,8,), k] code with a separation vector of at
least (sq,---,s,), we obtain an [n + 1, k] code with a
separation vector of at least (2|(s; + 1)/2],
2[(s, + 1) /2], .2 (s + 1) /2. |

Theorem §: For any prime power ¢, k € N, and nonin-
creasing s € N* we have

n, (81,85, 58) = 1+ n (s, 85, ,5,4). (11)

Proof: By deleting the column e, = (0,0,---,0,1)7
and the kth row from an optimal canonical (cf. Definition
3) generator matrix of a linear [n = n (s), k] code over
GF (g) with a separation vector of at least s, we obtain a
generator matrix of an {n — 1, kK — 1] code with a separa-
tion vector of at least (s1, 55, - «,5,_;).

869

Corollary 9: For any prime power ¢, k, j € N, 1 <j <
k, and nonincreasing s € N* we have

n (5, 53,0 0.8,) 2 j + nq(sl, Sy,° --,sk_j). (12)

Corollary 10: For any prime power ¢, k € N, and non-
increasing s € N* we have

(13)

For s, =5, = --- =5, Corollary 10 reduces to the Single-
ton bound (cf. {7, ch. 1, th. 11]).

n (51,85, 0,8) =5 + k — 1.

Theorem 11: For any prime power ¢ and k € N, and
any v € N and nonincreasing s € N such that s, , is
strictly larger than s, and

k
s <nP(s) -1,

i=v

(14)
we must have

1,8, 5, )-

(15)

Proof: Let v € N and a nonincreasing vector s € N¥

be such that s, ; > s, and (14) holds. Let G be a minimal

weight generator matrix of an [n = ng(s), k, s] code over

GF (¢). Because of (14) and Theorem 3, G has a column

containing zero elements in the last kK — v + 1 positions.

By deleting this column from G we obtain a k-by-(n — 1)

matrix G’, whose separation vector satisfies s(G’) > (s, —
1,---,5, 1 — 1,5, -,5) sinces,_; > s,.

ng (s, )2 L+n (s~ 1,5, ) —

v

Theorem 12: For any prime power ¢, k € N, and non-
increasing s € N* we have that

ng (s s ) = 8+ (81,008, 1, Sy, 5)
(16)
holds for any i € {1,---,k}, where
o [s- g = Ds/ql,
§. =
’ [S/‘/q]’

where [ x| denotes the smallest integer larger than or equal
to x.

forj < i;

(17)

forj > i,

Proof: Let C be a linear [n = ngx(s), k, s] code over
GF (g) and let G be a minimal weight generator matrix for
C. By Theorem 3, wt(G,,) = s, forall i = 1,- - - k.

Fix i € {1,---,k}. Without loss of generality the first s,
columns of G have a 1 in the ith row. Deleting these first s,
columns and the ith row from G, we obtain a (k — 1) by
(n — s;) matrix G. Clearly G has rank (k — 1), for otherwise
there would be a nontrivial linear combination of rows of
G that equals 0, and hence the corresponding linear com-
bination of rows of G would have a distance less than s, to
aG, , for some a € GF(g)\ {0}, a contradiction. Hence G
is a generator matrix of an [n — s;, kK — 1] code with sep-
aration vector § = s(G) = (8, *,§,_1, §,,1," - 8-

Letje {1,---,k}, j # i, and let m € GF (g)* be such
that m; = 0, m; # 0, and ¢ == mG = (c,|c,), where ¢, has
length s,, satisfies wt(¢,) = §;. Since m; # 0, we have that

(18)

wt(e)) +5; =5,

IPR2018-1557
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Furthermore, for some a € GF (¢g)\ {0} at least
[wt(e,)/(g — 1)] components of a¢; equal 1, and hence

wt(Gy — ac) <5, — [wt(e,)/(q - Dl + §;. (19)
On the other hand we have that
wt (G, — ac) > max {s;,s;}. (20)

The combination of (18), (19), and (20) yields (16) and
amn.

Lemma 13: For any prime power ¢, k € N, and nonin-
creasing s € N¥ a linear [n 4(8), k] code over GF (gq) with a
nonincreasing separation vector s* such that s <s* <
s,1(s,1 denotes the k-vector with all components equal to
5)) exists, i.e., ng*(s*) = n(s).

Proof: Let G be a minimal weight generator matrix of
an [n = n,(s), k] code with separation vector s(G) > s. If
5(G), > s, then replace a nonzero element in the first row
of G by zero to obtain a matrix G’, whose separation vector
satisfies s(G’) > s and s(G"), = 5(G); — 1. We may
transform G’ into a minimal weight generator matrix G”
spanning the same linear subspace.

Now, we repeat the above procedure until we obtain a
k-by-n matrix G* such that s < s(G*) < 511.

The combination of Theorem 12 and Lemma 13 gives
the following corollary.

Corollary 14: For any prime power ¢, k € N, and non-
increasing s € N¥, n_(s) satisfies the inequalities

n (s s) = 51+ n([s2/9]5- 5 [s/4]), (21)

k

nq(sl’”"sk)> > [Si/ql_1]~ (22)
i=1

For s, =5, = --+ =5, Corollary 14 reduces to the
Griesmer bound (cf. [7, ch. 17, th. 24]). Deleting the [-]
brackets in (22) we obtain an analog of the Plotkin bound
(cf. [7, ch. 2, th. 1]) for LUEP codes.

Lemma 13 also implies the following corollary.

Corollary 15: For any prime power ¢, k € N, and non-
increasing s € N* we have

(23)

This corollary allows us to use the bounds on n7*(+) to
obtain bounds on 7 (+)

Katsman [6] has shown Corollary 14 for ¢ = 2. In many
cases a combination of Corollary 15 and the bounds on
n¢*(+) give better results than Corollary 14. For example,
Corollary 14 yields that »n,(5,4,3,3,3,3) > 11, while a
combination of Corollary 15 and the Theorems 6 and 12
yield that n,(5,4, 3,3, 3, 3) > 12 (using the values of Table
I for n < 10). Actually n,(5,4, 3,3, 3,3) = 12 (cf. Table I).
Another interesting fact is the observation that Theorem 12
gives better results than the bound in [6), i.e., Theorem 12
for i = 1 and g = 2. For example, Theorem 12 yields that

n$*(6,6,3,3,3,3,3) > 6 + n,(3,2,2,2,2,2) = 14,

fori=1

n,(s) = min {ng"(s’)|s <5’ < sll}.

and
ns*(6,6,3,3,3,3,3) > 3 + n2(5,5,2,2,2,2) =15,
fori=17.

Table I provides the separation vectors of the binary
optimal LUEP codes of length less than or equal to 15,
except for two. n denotes the length of the code, k denotes
the dimension, and d(n, k) denotes the maximal minimum
distance of a binary linear code of length » and dimension
k. The brackets and commas commonly appearing in sep-
aration vectors have been deleted. Only in the cases where
a component of a separation vector is larger than 9, it is
followed by a point (-). The construction of the codes in
Table I can be found in [4]. In Table I there are two open
places. 1) Does a binary [15,8, s] code with
6,5,3,3,3,3,3,3) < 5§ < (6,5,4,4,4,3,3,3) exist? 2) Does
a [15,8,(5,5,5, x,4,4,4,4)] binary code with x € {4,5}
exist? A {15,8,(5,5,5,5,4,4,4,3)] binary code exists (cf.
(4]).

In [4] also a number of constructions of optimal LUEP
codes and methods for combining (LUEP) codés to obtain
LUEP codes of larger length are given.

IV. Cycric UEP CoDEs

A. The Separation Vector of a Cyclic UEP Code

A cyclic [n, k] code over GF(q) is the direct sum of a
number of minimal ideals in the residue class ring
GF (¢)[x]/(x" — 1) of polynomials in x over GF (¢) mod-
ulo (x" — 1) (cf. [7, ch. 8, sec. 3]).

Theorem 16, [2]: For a cyclic code C that is the direct
sum of v minimal ideals, an ordering M,, M,,---,M, of
generator matrices of these minimal ideals exist such that

o
M2
(24)

M,

L v =

is an optimal generator matrix.

Proof: For p € {1,---,n}, (C(p)) is a cyclic code.
Hence (C(p)) is the direct sum of a number of minimal
ideals of GF (¢)[x]/(x" — 1). By applying Theorem 2a) we
get the theorem.

The following corollaries are immediate consequences of
Theorem 2 and 16.

Corollary 17: For a minimal ideal in GF (g)[x]/(x" — 1)
all components of the separation vector are mutually equal.

Corollary 18: For a cyclic code C with an optimal gen-
erator matrix G defined by formula (24) the ith and jth
component of the separation vector s = s(G) are equal if
the ith and jth row of G are in the same minimal ideal of

GF (g)x]/(x" — D).
IPR2018-1557
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TABLEII TABLE II
ALL BiNaRY CycLic UEP CoDES OF LENGTH LESS THAN OR ( continued)
EqQualL 10 39 ’
length dim. nonzeros separation vector s * ‘n(i)
length dim. nonzeros separation vector s n(s)
35 31 0,1,3,5,15 5,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,
15 7 50,3 5,5,3,3,3,3,3 14 2,2,2,2,2,2,2,2,2,2 35
9 1,03 4,4,4,4,3,3,3,3,3 14 31 5,1,3,7 4,4,4,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,
9 L17 3,6,4,8,4,4,4,4,4 15 2,2,2,2,2,2,2,2,2,2 35
moSL57 0 52,2,2,2,2,2,2,2,2,2 15 32 0,5,1,3,7  3,3,3,3,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,
13 0,1,3,7 3,2,2,2,2,2,2,2,2,2,2,2,2 15 2.2,2,2,2,2,2,2,2,2,2 15
216 3,0,7 9,9,9,7,7,7 2 20 39 13 0,1 15,12,12,12,12,12,12,12,12,12,12,12,12 > 37
70! 2,8,8,8,8,8,8 21 % 13,3 14,14,6,6,6,6,6,6,6,6,6,6,6,6 2 35
8 7,3,9 8,8,6,6,6,6,6,6 . 20 15 0,1,13 13,10,10,10,10,10,10,10,10,10,10,10,10,10,
9 7,0,3,9 7,7,3,3,3,3,3,3,3 18 10 > 36
9 0,1,7 7,6,6,6,6,6,6,6,6 19 15 13,0,3 13,13,3,3,3,3,3,3,3,3,3,3,3,3,3 >33
10 0,1,9 9,6,6,6,4,4,6,4,6,4 : 20 25 1,0,3 6.6,6,6,6,6,6,6,6,6,6,6,3,3,3,3,3,3,3,3,3,
o 7,1,9 6,6,4,4,4,4,4,4,4,4,4 19 1,3,3,3 > 35
12 3,1,9 6,6,6,4,4,4,4,4,4,4,4,4 z 20 25 0,1,7 13,608,6,0,006,0,0,0,0,8,0,0,0,4,4,0,4,8,6,
12 7,0,1,3  6,6,5,5,5,5,5,5,5,5,5,5 21 R 19
13855 1,4,4,8,4,8,4,4,4,4,4,4,4 2 27 1,13,0,3  6,6,6,6,6,6,6,6,6,6,6,6,6,6,3,3,3,3,3,3,3,
13 1,0,3,9  4,4,4,4,4,4,3,3,3,3,3,3,3 > 18 3.3,3,3,3,3 > 37
150,1,5,7 1,2,2,2,2,2,2,2,2,2,2,2,2,2,2 2 27 0,1,7,13  12,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,
17 3,1,5,7 4,6,4,2,2,2,2,2,2,2,2,2,2,2,2,2,2 21 2,2,2,2,2,2 9
37 0,1,3,7 3,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,
25 21 0,1 5,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2 15 0.2,2.2,2,2,2,2,2,2,2,2,2,2,2,2 19
277 0,3 9,6,6,6,6,6,6 19
19 0,! 9,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2 2 . . .
= = 7 If the weight of the generator polynomial of a cyclic
20 9,1 6,6,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2 27 Is th . & dof th de. th 1
2 0,91 3.3.3.2.2.2.2.2,2,2,2,2,2,2,2,2,2,2,2,2,2 24 code C equals the minimum istance d of the code, then a
25 0,1,3 3,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2 components of the separation vector are mutually equal,
2,2,2,2 27 since C = {C(d)) (cf. Theorem 2). If this is not the case,
we can compute the separation vector of a cyclic code by
3 11 0,1,15 11,10,10,10,10,10,10,10,10,10,10 > 30 . - . . . . .
6 01315 56666606 6066066 > ’ comparing the weight distributions of its cyclic subcodes.
ST S A number of separation vectors in Table II were computed
33 12 11,3 12,12,6,6,6,6,6,6,6,6,6,6 > 29 in this way.
13 0,1,11 _1_1,10,10,10,10,10,10,IO,IO,IO,IO,]O,]O 2 32
13 11,0,3 11,11,3,3,3,3,3,3,3,3,3,3,3 > 28 Theorem 19: For i = 1,2 let #, be a minimal ideal in
LRX —a { .
21 0,15 LU 0,0,0,0,0,0,0,6,0,4,6,6,6,6,4,4,4,4,4, GF (¢9)[x]/(x" — 1) with minimum distance d, and weight
N 232 . distribution (A4%))"_, such that #; # 4, and d; > d,; let
23 0,1,5,11 11,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2 / Jj=0 1 2 1 2
20 . (A4;)j-¢ be the weight distribution of their direct sum
33 L11,0,3  5,5,5,5,5,5,5,5,5,5,5,5,353,3,3:3,3,3,3,3, M, ® #,. Then the components of the separation vector
3,3 > 32 of M, ® M, are all equal to the minimum distance d of
310,535 3,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2, M, O M,yifd<d,orif d=d,and AP < A,; they take
52,2,2,2,2,2,2,2,2 B two different values if d = d, and AP = 4, namely, d,
R . . (2)
35 7 5,7 16,16,16,14,14,14,14 > 34 and mm{flAj < Aj}'
8 207 15.13,15,7,7,7,7,7 > Proof: 1f d <d, or if d=d, and 4P < 4, then a
11 7,0,5,15  7,7,7,7,5,5,5,5,5,5,5 22 ¢ ) ) 2./” 0 é ) j/[ ‘6 .
3 o, 15,8,6,8,8,8,5,8,5,8,5,8,8 s 33 sum of an element in .4, \ {0} and one in 2\2{ } exists
15 5,1 12,12,12,8,8,8,8,8,8,8,8,8,8,8,8 > 33 such that its weight equals d. For d = d, and Ag) = A, if
16 0,1,15  15,4,4,8,4,4,4,4,4,4,4,4,4,4,6,4 > 32 AP < A, then a sum of an element in ./ \ {0} and one in
170,1,7 7,6,6,6,6,6,6,6,6,6,6,6,6,6,6,6,6 z 28 M, \ {0} exists such that its weight equals j; if A}Z) = A; it
4,4 bk, h,6,4 > 29 - . .
18315 58,888,085 8, 8,0, 8,804, 6,0 : does not. Combining these observations with Theorem 16
19 0,5,1,15  5,5,5,5,4,4,4,4,4,4,0,4,4,4,4,4,4,4,4 > 26 he th
19 51,7 8.8,8,6,6,6,6,6,6,6,6,6,6,6,6,6,6,6,6 s 30 and Corollary 18 proves the theorem.
19 7,1,15 6,6,6,6,4,8,4,4,4,4,4,4,4,4,6,4,4,4,4 > 27
20 0,5,7,1 7,7,7,747+7,7,7,6,6,6,6,6,6,6,6,6,6,6,6 > 31 L . . . .
2 S, 015 6.606.60616260rhknhylbylerlyllyleyhst, B. A Majority Decoding Method for Certain Binary Cyclic
4 > 31 UEP Code Classes
25 0,1,3 Tobybyh,b,0,0,0,0,0,6,4,0,6,6,0,4,4,4,4,4, . . . . . .
4,6,4 s 33 In this section we discuss certain classes of binary cyclic
8 0,1,3,5  5.6,4,4,8,8,6,4,04,4,4,6,8,4,8,4,6,4,4,4,4, UEP codes which can be decoded by a majority decoding
4,4,4,4,4,4,4 35 method. It is easy to implement this method and it is very
¥ %537 1L,2,2,2,2,2,2,2,2,2,,2,2,2,2,2,2,2,2,2,2 useful whenever the number of independent votes on each
2,2,2,2,2,2,2,2 35

message digit equals (or is not much less than) the separa-
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tion component corresponding to that message position.
For a cyclic [n, k] code, we number the message positions
from O to k — 1, the code positions from 0 to n — 1.
Unlike the usual definition {9, p. 6] we define an orthog-
onal check set of size 8§ on a code position j of a linear
[n, k] code C to be 8 subsets B/, B{),--- B{/) of
{0,1,- - -,n — 1} that satisfy the following three conditions.

BOPNBY =@, forr+#s, (25)
8
UBYc{0,1,--,n-1}\{/}, (26)
r=1
¢;= Y ¢, forallce Candallre{1,---,8}.
peBY

(27)
We define the weight of a check B! as the number of
elements in BY). We extend this definition of orthogonal
check sets on code positions to orthogonal check sets on
message positions. For a binary linear [n, k, s] code C that
uses an optimal generator matrix G for its encoding, we
define an orthogonal check set of size § on a message
position j to be & subsets D{?, D{),- - - D{) of {0,1,---,n
— 1} and 8 linear functions fy, f,,- - -,f; of my, my,- -+,
m;_, that satisfy the following three conditions, similar to
(25)-27),

DIPNDP =@, forr#s, (28)
5
U oY c{0,1,---,n—1}, (29)
r=1
m; = )y Cp +fr(m0’ mp,- - "mj—l)’
peDy
forallc € Candallr € {1,---,8}. (30)

If we have an orthogonal check set of size 8, on message
position j for j = 0,1,---,k — 1 such that §, > 6, > - --
> 8,_,, then we perform the following decoding rule.

Whenever we receive a vector u, we estimate the
message digit m; forj = 0,1,---,k — 1, starting with
j= 0 and increasing j by 1 until j equals k — 1. We
estimate m, by 71, which is defined as the majority of
the votes

Y u, + (kg g, 1),
pED,(j)

r=1,---,8,

J

(31)
It is easily seen that this majority decoding method
guarantees the correct estimation of the jth message digit
(i.e., W, = m;), whenever the Hamming distance between
the transmitted codeword ¢ = mG and the received word u
is less than or equal to [(Sj -1)/ 2]. For 8, being even, an
error in the jth message position is detected whenever the
error pattern has Hamming weight 8,/2. Hence, the jth
component s, of the separation vector of the code C
satisfies s, > 6; (j = 0,1,-- -,k — 1).

Now, we consider a special class of binary cyclic codes.

Let p(x) and g(x) be two irreducible polynomials in
GF (2)[x] with degrees resp. k, and k, and exponents resp.
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T, and T, such that T, and T, are relatively prime. Let C,
and C, be resp. [T, k,] and [T, k,] codes with check
polynomials resp. p(x) and g(x). Furthermore let C, have
an orthogonal check set of size 8, on any code position
such that any check has the same even weight. These strong
restrictions are sufficient to build codes that have orthogo-
nal check sets on their message positions of “large” size.
Define C to be the binary cyclic [n = T,T,, k, + k] code
with check polynomial p(x)q(x) and C* the binary cyclic
7,7, k, + k, + 1] code with check polynomial (x +
1) p(x)q(x). The following theorem provides a lower bound
on the first k, components of the separation vectors s =
s(MTIM])T and s* = s((M]|M]|M{)") of resp. C and
C*, where M,, M, and M, are generator matrices of the
minimal ideals in GF(2)[x]/(x" + 1) with check poly-
nomials resp. p(x), g(x), and (x + 1).

Theorem 20: a) The separation vector s of the code C
defined above satisfies

Tq8p +1, if G, is an even-weight code,
s, > fori=0,1,---,kp—1;
Tq8p, otherwise, fori=0,1,---,kp— 1.

b) The separation vector s* of the code C* defined above
satisfies

T.8 fori=0,1,---,k, — 1. (33)

*
5 2 1%

Proof: a) Without loss of generality we consider the
first message digit m,. Let G, and G, = [ |yl -+ | yr, 1]
be systematic generator matrices of C, resp. C,. Without
loss of generality the first column of G, equals e, =
1,0,0,---,0)".

Since C, has an orthogonal check set of size 8, on any
code position such that any check has the same even
weight, say 2w, we have 2w§, mutually different columns
a®,a®,---.a, i=1,---,8, of G, such that

a®+aP+ .- +a@ =g, (34)
for i =1,---,8,. The matrix
GP ' GP ‘ l GP
G = .
G, | 6 |q | | g,

(35)
is an optimal generator matrix of C. Since the greatest
common division (ged) (7,, T,) = 1, any pair (x7|p")",
where x and y are columns of resp. G, and G,, occurs
exactly once as a column of G. By combining this fact with
formula (34), we get that for any i € {1,---,8,} and any
Jj €{0,---,T, — 1} the equality

@ 2 (2w)
A I R R N (36)
vl Y 0

holds, where the 2wé_ T, columns occuring in the left-hand

side (LHS) in (36) are mutually different columns of G.
Eq. (36) implies 7,8, orthogonal checks on the message

digit m,. (In this case, the linear functions f.(r =

IPR2018-1557
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1,---,T.,8,) in formula (30) are all equal to the zero map-
mng) If C is an even-weight code, then m, = ¢, + cr,
Cr, t S T,-1T, is an additional check for my, ‘or-
thogonal to the T8 previous ones.

qp
b) Follows as in the proof of a).

If in addition C, also has an orthogonal check set of size
8, on any code position such that any check has the same
even weight, then we have the following lower bound for s.

Theorem 21: a) If wt((x" + 1)/(g(x)) is even and 73,
+ 1 > T,(8, + 1), then the separation vector s of the

7,7, k, + k 41 code with check polynomial p(x)g(x)
satlsfles
qup+1, fori=0,-~-,kp~1;
s, >
! 7;(6q+1), fori=k,,- -k, + k,— 1.
(37)
b) If wt((x"* + 1)/q(x)) is odd and TS, > T,(8,+ 1),
then the bcpmauuu vector 5 of the [1 T, kp + kq] code
with check polynomial p(x)g(x) satisfies
7;81,, fori=0,~-,kp—1;
;2
M\ (8, +1), fori=k,, -k, +k,—1.

(38)
Proof: a) For i=0,---,k, — 1, (37) was shown in
Theorem 20. Without loss of generality we consider the
message digit m Ky Forj=0,1,---,T, -1, m k, equals
k,—1
My, = ¢, + Z miGi,qu’ (39)
i=0
where G is the matrix of (35). If an error pattern of weight
less than or equal to [T 6 + 1)/2J occurs, then the
message digits mg,- - -,m, _, are correctly decodable, since
TS, +1>TJ(§, + 1) It we fill in these values of
mo, somy g in (39), then the T,(8, + 1) checks on m;_
obtained from (36) and (39) are mutually orthogonal (i.e.,
satisfy formula (28)-(30)). Hence Sk, > T,(8, + 1)
b) Follows as in a).

Example 1: Take p(x)=x3+ x + 1, g(x) = x* + x>
+x*+x+1 T,=7, T,=5. The [7,3] code C, with
check polynomial p(x) has an orthogonal check set of size
8 = 3 on any code position, where all checks have weight
2 (for example, for the O-position we have the checks
{1,5}, {2,3), and {4,6}). The [5,4] code C, with check
polynomial g(x) has an orthogonal check set of size §, = 1
on any code position, where the check has weight 4 (for
example, for the 0-position we have the check {1,2,3,4}).
By Theorem 21 the [35,7] code C with check polynomial
p(x)g(x) has a separation vector s which satisfies s >
(16,16,16,14,14,14,14).

Fig. 1 shows an optimal generator matrix for C (points
(-) should be read as zeros (0)), together with two rows of
characters, corresponding with the orthogonal checks on
mg and m given below. Note that, we did not take G, and
G, to be systematic as we did in the proof of Theorem 20,

873

pabcdefpghifjkpelbkmnpjchnaopmhlogd

IR B IR I
1..111. I
1.1..111.
1. 1
.1

111.1..111.,1..
R b I (PO O I P O

R E R R
l 0 I IPRPUN ) IR
! ll ]I woll.,
]l l O B RN I O
ll l] [ IS |

111.1.
LT, 11.
lll 1 ]1

.1

lll 1.

ll
]1 l
11 ll
..l] H
ABCD EFAB DGEF BCDG FABC GEFA CDGE

Fig. 1. Generator matrix of the [35 7 code with check polynomial

(x® + x + 1)(x* +x3 4+ x2 +x + 1)

because this is not necessary, but only convenient for the
proof of Theorem 20. The generator matrix in Fig. 1
directly shows that C, and C, are cyclic codes. The message

bit m, is equal to thepfollowi;g sixteen orthogonal checks:
a: cpt+cy ficg tey ke tocgg
b: cytey 8 g teyy Locgt ey
C: eyt cyy hiocg Fey moClgt Oy
d: cgtcy It cgtey niocyyt Cps
€. €5+ C5 Ji ¢y tey 00 Cppt ey

P ¢yt t Cla t €t Cog.

The message bit m, is equal to the following fourteen
orthogonal checks:

A: cp teg eyt 0y ¢ tmy
B: ¢, tcg tegt+ cos
C: ¢
D: ¢,
E: ¢

F: ¢

¢ +my
e 0y + 03 C1g My + my,
+cpp g+ 65 C15 +my + my
+C13 T Cpp + Cyy Cog Ty
+eyy 0y + 0o Cys +my + m,

G: ¢yt Feo6 + €34 €3 tmg + my + m,.

Actually the separation vector of C equals (16, 16, 16, 14,
14, 14, 14), as one can easily check.

The [35,8] code C* with check polynomial (x +
1)p(x)q(x) has a separation vector equal to
(15,15,15,7,7,7,7,7). For C*, a, b, ¢,- - -, 0 are fifteen or-
thogonal checks on m; A4, B, C,---,G are seven orthogo-
nal checks on m,. For the message bit m, we have the
following seven checks:

CoFt €7 FCyy T Cyp T Cpg + My,

¢t g st ey T gt my+my
Cyt g tCgt+ Cy3+ 039+ mg+my +m,
3+ g tCypt eyt 3y +myp+my

€yt ¢y FCgt+ €5+ €3y + Mg+ my

5+ €y TCgt+ Cpg + 033 + 1Yy

Cg T ¢35 e+ Cyy + C3y + My,

We can extend Theorem 20 to codes with a check
polynomial that is a product of more than two irreducible
polynomials in GF (2){x].

IPR2018-1557
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Theorem 22: For i =1,---,v let p,(x) be an irreducible
polynomial in GF (2)[x] of degree k; and exponent T; such
that ged (7;, 7)) = 1 for all i, j, i # j, and let the [T}, k]
binary code with check polynomial p,(x) have an orthogo-
nal check set of size §, such that all checks have the same
even weight. Then the code C of length n =I17_,7; and
dimension XY_,k; with check polynomial I1}_, p;(x) has a
separation vector s that satisfies

s; > nd,/T,
fori=1,---,vandj = X, 1k,), -, (X, -1k, — 1.
Proof: Analogous to Theorem 20.

(40)

In many cases we can do much better than formula (40)
by adding other checks, e.g., checks like the ones in (39).
This will be shown in the next example.

Example 2: Take p(x)= x>+ x+1, g(x)= x>+ x
+1,and r(x)=x*+x*+x>+x+ 1. T,=7, T =3,
T, = 5. Let C be the {105, 9] code with check polynomial
p(x)q(x)r(x). C has an optimal generator matrix G =
(MT\M]\M)T, where M,, M,, and M, are repetitions of
respectively

1110100 110 01100

P= mnmo,Q=[ ],R= :
o100 011 00110
00011

The [7, 3] code with generator matrix P has three orthogo-
nal checks (1,5}, {2,3}, and {4,6} of weight 2 on code
position 0. The [3, 2] code with generator matrix Q has one
check {1,2} of weight 2 on code position 0. The [5, 4] code
with generator matrix R has one check {1,2, 3,4} of weight
4 on code position 0. Hence 8, = 3, 6q =1, and 6, = 1.
Any vector (x7| yT|z7)7, where x, y, and z are columns of
resp. P, Q, and R, occurs exactly once as a column of G.
Now for any i € {0,-

we have

Py Pys _P*z- _P*3-

Ox, | +]| Oxi | =|Qxi | +| Cs:

R*j R*,- _R*, _R*j
~ o _ 1
Py Py 0

=[O0 | +| Qx| = 0. (41)

_R*J _R*J_ :

0
This implies 7,7,8, = 45 orthogonal checks on m,. These
checks do not contain the fifteen code digits {c;|j =0
mod 7}, which correspond to the columns of G given in
Fig. 2.

From Fig. 2 it is easy to see that

a. ¢g +Cy t Cyn T Cyg F Coq
b: ¢; teyy+ ey Cop t+oCg
Cl Chg T C35 F+ €56 + €7 + Cgy

are three additional orthogonal checks on m,, which are

“9Tq_1} andje {Oa""];_l} ,

TR 2 ¢ colum
numbers

aaabeccccabbbbeca

Fig. 2. Columns G, of G where j = Omod7.

orthogonal to the 45 checks implied by formula (41).
Hence we have 48 orthogonal checks on m,. Analogously
we can find 48 orthogonal checks on m; and m,.

Foranyi € {0,---,7, — 1} and anyj € {0,---, 7, — 1}
we have

Py P,
Qu1 | +| Q2| =e;=(0,0,0,1,0,0,0,0,0)".
Ry;| | Rs;

(42)

This implies 7,7,8, = 35 orthogonal checks on m;. These

checks do not contain the code digits {¢;|j = 0 mod 3},

which correspond to the columns of G given in Fig. 3.
From Fig. 3 it is easy to see that

¢y FteCg tCpy F g T Coy

S R

C1g T ¢y T30 Cys T Cpp
€. Cyp FCgy FCug + Cop T Coo
dr c5 tegg HCq5 + Cgq T i
€. Cy5 T C33 +C54 + g + Cgy
f1c3 ey tegyt cgs o Cgg
g Cg FTCyy FHCoyy+ g+ O3

are seven additional orthogonal checks on m,, which are
orthogonal to the 35 checks implied by formula (42).
Hence we have 42 orthogonal checks on m;. Analogously
we can find 42 checks on m,.

Foranyi € {0,---,7, — 1} and anyj € {0,---, T, — 1}
we have

Py, Py, Py, Py
O, |+ O, |+ Q*j +| Qx;
Ry, Ry) Ry Ry

= 5 = (0,0,0,0,0,1,0,0,0)". (43)

This implies 7,T,8, = 21 orthogonal checks on m;. These
checks do not contain the 21 code digits {¢;|j = 0 mod 5}.
Since s, 1,7 " *,54 = 42,
4
¢+ X mG
i=0

for j € {0,5,10,- - -,100} build 21 additional checks on m;
(cf. the proof of Theorem 21). Hence we have 42 orthogo-
nal checks on ms. Analogously we can find 42 checks on

mg, m, and mg. IPR2018-1557
HTC EX1051, Page 15
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...................................

abcddeafgfcdbaabcefggedbbdfaeefggece

Fig. 3. Columns G4 ; of G where j = O mod3.

We have shown that the [105,9] code with check poly-
nomial (x* + x + IY(x? + x + D(x*+ x> + x>+ x + 1)
has a separation vector of at least (48, 48, 48, 42, 42, 42, 42,
42, 42). Actually equality holds, as one can easily check. So
we have derived a majority decoding scheme for the code
that reaches the actual separation vector.

For a binary cyclic code whose check polynomial is the
product of (x + 1) and two primitive polynomials we have
the following theorem.

Theorem 23: For the primitive polynomials p(x), g(x)
€ GF (2)[x] of degrees resp. k, and k, such that k, > k,
and ged (k,, k,) =1, the bmary cychc [(2% — 1)(2"4 -
D, k, + k, + l] code with check polynomial (x +
1) p(x)q(x) has a separation vector s that satisfies

@ nEe -,
T - pEs - ),

fori =0,---
fori=kp,

ke, =1
ok, + k.
(44)

Proof: The [2% — 1, k,] cyclic code C, with primitive
check polynomial p(x) of degree &, is a simplex code (also
called a maximal-length feedback shift register code (cf. [7,
p. 31)), i.e., all elements of GF (2)*»\ {0} occur as columns
in a generator matrix of C,). Hence we have an orthogonal
check set of size 8, = (2“7* — 1) on any code position,
where all weights of the checks equal 2. The same holds for
the [2%+ — 1, k] code C, with primitive check polynomial
q(x); 8, = (2" R )Y *Since ged (k,, k,) =1, we may
apply Theorem 20 b) to the first &, message bits as well as
to the message bits m, ,- -

Furthermore ’

t|(x"+1)/p(x) + ’T;)x") = (2% — 1)(2% "1 - 1)

m
Mk, -1

and
n—1
wt (<x" +1)/a(x)+ T x") — @k - R - 1),
i=0
where n = (2%» — 1)(2% — 1).

These observations imply (44) for i =0,1,---,k, + k,
— 1. From the observations above it also follows that

Sk, +k, = Mmin {(2% — 1)(2% ~ 1),(2% = 1)
(2K = 1), (2% = 1)(2% 71 - 1)}

= (@ -1k - 1),
since kp > kq.

875

Dyn’kin and Togonidze [3] mentioned Theorem 23
without a proof.

Example 3: Take k,=3, k, =2, p(x)=x>+x+1,
g(x)=x>+x+ 1

111.1..111.1
.111.1..111.1..111.1.
.111.1..111.1..111.1
11.11.11.11.11.11.11.
.11.11.11.11.11.11.11
111111111111111111111

11101 ..

is an optimal generator matrix for the [21, 6] cyclic code C

with check polynomial (x + 1)p(x)g(x). s(G) =

9,9,9,7,7,7). my, m,, and m, have the following checks:
my=¢ +tCg=¢+Cc;=¢+¢

=0t 3=

=cCptCg=0CntCp=

s+ g = ¢g t Cpg
¢yt G5,
my=2c¢ +tcg=10¢+ cg=c¢4t+ ey
=¢5+ Clg = €7+ Cyy
=gt €7 = C13 F €,

=cygt ¢ty +my+m,
=cy+cyt+cst+my

gt e, tegtm +m,
=¢g+ Cgt ¢y +my

=cpt o Ty tmg+mt+m,
= ¢15 + €1 + €7 + 1y

=g+ gt Cyy + My + my.

It

The generator matrix G’ for this code, whose rows are the
cyclic shifts of the generator polynomial, has separation
vector s(G") = (7,7,7,7,7,7). A binary [21, 6] code has a
minimum distance of at most 8 (cf. [5]).

We can also extend Theorem 23 to the following theo-
rem. The proof is analogous to that of Theorem 23.

Theorem 24: For the primitive polynomials p,(x) €
GF(2)[x], i = 1,- - -,v of degrees resp. k;, i = 1,---,v such
that k; > k, > -+ >k, and ged (k;, k;) = 1 for all 4, J,
i # j, the binary cyclic

v

]._I(zki_ 1)’1 + iki

i=1 i=1

code with check polynomial
v
(x +1) izl_llpi(X)
has a separation vector s which satisfies
5= @ =)@ - 1)/ = 1)
fori=Y/tk, -, X/ _k,—landj=1,--

v—1
si=@ P =112 -1)
u=1

v
u=1ku'

,0, and

fori =

IPR2018-1557
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Table II contains the parameters of all binary cyclic
UEP codes of length less than or equal to 39. In this table
the exponents i, j, k, - - - of a primitive nth root of unity «
are given for each code of length n such that &', o/, a*, - - -
are nonzeros of the code. For example, the first row of the
table denotes a binary cyclic [15,7,(5,5,3, 3, 3, 3, 3)] code
with nonzeros {a'li € C; U Gy U Gy}, where C, (i = 5,0, 3)
denotes the cyclotomic coset modulo 15 containing i. The
order of the nonzeros corresponds to the order of the
components in the separation vector, ie., if the order of
the nonzerosis i, j, k,- - -, then the separation vector equals
s(MT\MTIMT| -+ )7, where M, (=i, j,k,--) de-
notes a generator matrix of the minimal ideal in
GF (Q)[x]/(x" + 1) with nonzeros {a’|y € C,}. In the
above example s((MT | MI|1M])T) = (5,5,3,3,3,3,3).

The last column of the table contains the minimum
length or a bound on the minimum length of a binary
linear code with a separation vector of at least the one of
the corresponding cyclic code. The separation components
(and the corresponding nonzeros) larger than the minimum
distance of the code are underlined.
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Modified Generalized Concatenated
Codes and their Application to the
Construction and Decoding of LUEP Codes

Uwe Dettmar, Yan Gao, and Ulrich K. Sorger

Abstract—We propose a modification of generalized concatenated codes,
which allows us to construct some of the best known binary codes in
a simple way. Furthermore, a large class of optimal linear unequal
error protection codes (LUEP codes) can easily be generated. All con-
structed codes can be efficiently decoded by the Blokh-Zyablov-Zinov’ev
algorithm if an appropriate metric is used.

Index Terms—Linear unequal error protection codes, generalized con-
catenated codes, multistage decoding.

1. INTRODUCTION

Many of the best known codes can be constructed as Generalized
Concatenated (GC) codes [2], [3]. Generally, the constructions of
GC codes use different outer codes 4, of constant length », but
only one inner code B together with its partition. However, this
restriction is not necessary. In this correspondence we construct GC
codes consisting of outer codes 4; with different lengths n, ;, and
inner codes Bfl’ in the columns of the code matrix with different
lengths n,. ; and distances (Iﬁ,f)j together with their partitions.

In Section II, modified GC codes are defined and a lower bound
on their minimum distance, a designed minimum distance, is derived.
Two examples of the construction of good binary codes as modified
GC codes are given. In Section III, the modification is used to
construct binary optimal linear unequal error protection (LUEP)
codes. In Section IV, a decoding algorithm for the modified GC
codes is presented, which allows decoding up to half their designed
minimum distance. Moreover, decoding of the constructed LUEP
codes up to half the separation vector is discussed.

For the sake of simplicity only binary codes are considered in this
correspondence. An extension to the nonbinary case is straightfor-
ward. )

II. DEFINITION OF MODIFIED GC CODES

GC codes are a generalization of concatenated codes defined
by Forney [4]. The inner code is multiply partitioned, and this
partitioning into subcodes is protected by different outer codes.
Denote the 1 outer codes by A, = A,(git na, ko, i. da. i), Where
¢, = 2" is the alphabet size, n, is the code length, k. ; is the
number of information symbols, and d, ; is the Hamming distance
of the code. Further, denote by B = BY(2:ny. by . dy ), for
i =1.2.---. m, the binary inner codes, where

BT e B and K — kT =log, (40).

By concatenating inner and outer codes we get a GC code with the
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TABLE 1
ExAMPLE |
Inner codes Outer codes GC code
j=12...8 j=9 j=10
B (8.4,4) 4,1,4)  (7,3.4) | A (2%10,7bi1,8) Ty = {1,..,10} | (75,11,32)
| BY (8,1,8) (4,0,00) (7,0,00) | Az (28,4,4)  Jp=1{1,..,8}
B (8,4,4) (4,3,2)  (7,3.4) | A (2%10,3,8)  Ji = {1,...,10} | (75,13,30)
BY  (8,1,8)  (4.0,00) (7,0,00) | Ay (28,44)  F={1,...,8}
parameters [3] TABLE 1T
CONSTRUCTION 1
n=nNgNyp. —_—
m Inner codes Outer codes
j=1,..,n
k=" kailog, (¢:) B0 (nz,kmkn,ldu) A4 @ innkins) = (L)
i=1 BY  (mkaadn) | A (imukias) Jo={1,..m)
d > min{dq. 1dy 1. da2dp 2, -+ da mdi m }
The lower bound on the minimum distance is derived as follows
[3]: since the codes are linear, the minimum weight and distance are Example 1: The (75.11,32) and the (75.13.30) code from [5]

equal. If a; # 0, with a; € Ay, then not less than d. 1 codewords of
the inner code B(!) are different from the zero word. However, this
inner code has a minimum weight d ; which leads to a minimum
weight of dq 1d,, for the appropriate codeword of the GC code.
Similar considerations hold for the other stages.

In the above definition the outer codes all have equal length n,.
However, this restriction is not necessary: denote the outer codes by

A = Ailgit nais ki day)

where the n..;, now can be different. Define a set of indices 7, with
|Ti] = na.: and jiax so that

1<j<jmax. VjET
holds. The inner codes are given by

BY = B @my . kYL d)

fori =1.2, -, mand j = 1, -+, Jmax, with
B(,+x B( a R Rl log, (¢.). ifj €T
andhe ;=R 0. ifj ¢ .
We assume that U; 7, = 7, with j € 7 for j = 1. 2, -+ jmax,

because in this case all inner codes are concatenated with some outer
codes.
The GC code has the parameters

k= Z Fa. ilog, (4:).
=1

The minimum distance of the GC code is given by

d> mm mm E 4\
JES;

Jmax
n= ny

J=1

b, J ()
where S C 7, with |Si| = da.i.

The lower bound for the minimum distance is derived similarly
to that for conventional GC codes: the minimum weight in stage /
is attained if the positions where a; # 0 coincide with codewords
of the inner codes B( * with the smallest minimum distances. This
leads to (1).

To simplify this expression, we define by [I{) the permutation of
the indices j = 1.:--, nq,; so that

dy iy S dpmzy <0 Sdpngng o)-

This results in

da, i

d > min Z

Jj=1

()
dy

can be constructed as given in Table 1.

1II. OptiMAL LUEP CoODES CONSTRUCTED AS GC CODES

Linear unequal error protection (LUEP) codes can be useful if
different information symbols have different importance. In ] and
[6], van Gils proposed constructions for some special classes of LUEP
codes (some of them based on product or concatenated codes). In [7],
Zinov’ev investigated the application of GC codes on the construction
of LUEP codes, but these constructions only work for composite code
length, i.e., n = nany. The modified construction yields a large class
of binary LUEP codes which contains most of van Gils constructions
and which can be easily decoded.

The LUEP code is characterized by its separation vector [6].

Definition I: For alinear (n, k) code C' over the alphabet GF(q),
the separation vector s = (s, s2. -+ -. sx) with respect to a generator
matrix G of (', is defined as

s, 1= min{wt {mG|m € GF(¢)*. m; #0}.i=1.---.k}
where m is an information vector and wt {-} denotes the Hamming
weight function.

We assume, without loss of generality, that s is nonincreasing, i.e.,
s, > s, ifi < j Vi, j € {1.---.k}. Note that this definition is
different from that in [8] as it deals with information symbols instead
of code symbolis. The separation vector guarantees the correct inter-
pretation of the ith information symbol whenever nearest neighbor
decoding [9] is applied and not more than [(s(G): — 1)/2] errors
have occurred in the transmitted codeword [10].

An (n. k. s) code is called optimal if an (n. k. t) code with¢ > s,
ie,t; > s Vi€ {l,---.k} and 3j € {1,---.k}:t; > s, does
not exist. Denote by n(s) the length of the shortest linear binary
code of dimension k& with separation vector at least s and denote
n*(s) the length of the shortest linear binary code of dimension %
with separation vector (exactly) s. Van Gils [1], {11], has derived the
following lower bounds on n(s):

Theorem 1: For any k € A", and nonincreasing s € A7

n (51, sy si) > s (81, o0, Sicrs ik, o 8k (Q)
holds for any i € {1.---. k}, where
S:J . .
s;j—|=|[. for j<1{
— / {2 3)

for j > .

f2] denotes the smallest integer larger than or equal to .
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TABLE Il
CONSTRUCTION 2

Inner codes

Outer codes

j=1ewn j=nitl,., mtn’

B‘Eo) (ng,m2,1)
B)m (n2, ke, da2)

(ng—kg,ny—k2,1) | A
(n2—k2,0,%) Az

(272~k2 gt/ kiys1)  J= 41, .m0’}

TABLE 1V
CONSTRUCTION 3

Inner codes Outer codes
j=1l..,n  j=m+l
B (ngkpt1.de)  (LL1) | A (2%mgko,s) o= {Limi}
B®  (ng1,m) (LLD) | Ay (Zing+ 3,k 2[s5/2]) o ={1,..,m+ 1}

Theorem 2: For any k € A", and nonincreasing s € A%, n(s)
satisfies the inequalities

(4)

(5)

Construction 1: First we construct a two-level GC code as shown
in Table II. A1 and A are LUEP codes with nonincreasing separation
vectors

S1 = {8114 5120 - " S1kyy ) 82 = (S21. $22. 7 . S2kps )
As a special case, both 4; and A3, or one of them, may be chosen
as equal error protection codes. If da1s14,, > d22521, then the GC
code is a binary (nins, ki1k21 + ki2kes. s) LUEP code, where

S:(d91.¢111k21. e d?l"lk“ 1ey, . doosorlpy,. - ‘dQQSZ‘clzlkgz)

where s1;,, denotes the k2; vector with all components equal to s.

Obviously, [6, Construction 5] is a special case of the above
construction.

If 4, is an (n. 1. n) repetition code, A> is an optimal (n. k. s)
LUEP code, BJ(” and Bﬁz) are Reed-Muller codes with parame-
ters (2™.m 4+ 1.2 and (2™, 1. 2™) an optimal LUEP code
equivalent to the code of [6, Construction 1] is obtained. Choosing
Bﬁ” as the (2. 2. 1) code and B;z)_ as the (2. 1. 2) code, the above
construction is equivalent to [6, Construction 3A].

Construction 2: The GC Code given in Table III has the param-
eters

=nings + (no — kg)n/

= (n2 = ka)k11 + kokio

b
|

and

§= (5111(ny—ky)s = S1k11 Lino—ky)-

dysor Ly -0 dasop,, 1ay)

where si,, > dasoy. If B‘gl) is a (2. 2. 1) code and Biz) is a
(2,1.2) code for j = 1,---. ny, we obtain all the LUEP codes
of Constructions A,C,E,F,I,J and K from van Gils in [1] and a class
of LUEP code which is better than the codes of {6, Construction 2]
with the same code rate.

In fact, choosing for 4 the (ny +n'. 1. n, + n') repetition code
and for 4, an optimal (n;. k. s) LUEP code, we get with the inner
codes of length 2, as above, an optimal (2n; + n'. 1 + k. (ny +
n'. 28)) GC code. The optimality can be shown as follows:

(21, kig, 2) Ja=A{1,.,m}
TABLE V
EXAMPLE 2
Inner codes Outer codes
j=1 j=23 j=4
B (43.2) (.2.2) @20 | A (254.2.3) Fi={l,..4}
B (4,1,4) (3.0,00) (1.0,00) | A (Z1.1,1)  J={1}
TABLE VI
EXAMPLE 3
] Inner codes j Outer codes |
i=1,2 j=3 =4 ]
BT (4,3,2) (3,22) (22.1) | A (2%54.2,3) Ji={L..4}
BY (4,1,4) (3,0,00) (1,0,00) | A2 (22,21) J={1,2}

Proof: For the proof we use Theorem 1. First we show that the
GC code is optimal in length

n(ny 40’ 28) > 0+ 0"+ n(s) >2n +0.
We now have to show that all codes with a greater separation vector
also have greater length
nTny 40’ +1,28) >0+ 0’ 4+ 14 n(s)
>2n1 + n +1
>2n, +n'
and
nny +n', 284+ u) >0+ n4+n

. (’»SI;UIW,--'. f8k+1lk1)
>y 40’ + 1.

Construction 3: The construction is given in Table 1V, where
[s2/2] denotes [s2;/2] foralli = 1.2, .-+, k2.

We suppose here that the outer code A is the code Al
(2:n1. ki2. s5) with an added overall parity bit. With s1x, dy > no
we obtain a new

{nine + 1. kyrks + ko, [s1dolp,, -+ 85, d2li, (n2 — 1)sb

+2[s5/21]}

LUEP code. Using the (2. 2. 1) and the (2, 1, 2) code as inner codes
for j = 1, ---, n1, we obtain the LUEP codes [6, Construction 3B]
of van Gils. If at the same time A; is a repetition code and Aj is
uncoded, the LUEP codes are the same as in [1, Construction B],
i.e., they are optimal.

Choosing 4, as a repetition code and 4, as uncoded and the
(4. 3.2) and (4. 1, 4) codes as inner codes for j = 1.+, n1,
results in [1, Construction H] of van Gils.

In the following examples we show the construction of some codes
from [1] as GC codes.

Example 2: The GC code given by Table V has the parameters
n=12. k=6 s = (355544).

Example 3: The GC code given by Table VI has the parameters
n=13 k=06 s=(555544).

Example 4: The GC code given by Table VII has the parameters
n=14, k=7 s=(5355444).

For these three codes, see [1, Construction M].

IPR2018-1557
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TABLE VII
EXAMPLE 4
Inner codes Quter codes 1
=123 j=4
BU T (3,3.2) (220 | A4 (254.2.3) Ji={l..4)
BY  (4,1,4) (1,0.%) | 4, (23,3,1) Jp=1{1,23}
TABLE VIII
EXAMPLE 5
Inner codes Outer codes
j=1.23 j-4
BT (43.2) (304 (2242.3) 5=l
BY (414) 3.1.3) |4 (2441) H={1

Example 5: The GC code given by Table VIII has the parameters
n=15 k=8 s=(55554443) (See [1, Construction R}).

IV. A DECODING ALGORITHM

GC codes can be decoded by the well-known Blokh-Zyablov—~
Zinov’ev (BZZ) algorithm up to half their designed minimum dis-
tance.

For decoding GC codes with different inner codes we use the BZZ
algorithm together with an appropriate metric.

As shown in Section II, the designed minimum distance of the
constructed codes is given by

d

a,i

; (1)
d> min Z} db.m“.
i=

Define ¢ to be the transmitted codeword, with ¢; € BY for
Jj=1.--, jmax. Denote by @; the transmitted codeword of the outer
code A; with respect to ¢, and by 4, the estimate for d; calculated by
decoding the inner codes of stage / and mapping the result to symbols
of the outer code alphabet. Let a, be a codeword of the outer code
A; and E(a;. a;) be the set of indices j such that ¢; # a;. Define w
to be the cardinality of £(a;, &;). Denote by " (a;. ;) the do ; — w
components in

E={1. - inai}/Ela;. @)

with the smallest n(;j
An appropriate reliability function is given by the following
definition:
Definition 2: Let (15,{)1 be the minimum distance of the inner code

Bf'), and dg (7;. bg’)) be the distance between the received word r;

and the estimated codeword by) € B;‘). Then the reliability 05') for
the jth position in G; is given by

ag.') = max [0. (I(bl,), —2dp(r;. bs‘) -

This definition takes into account the different distances of the inner
codes. It may be interpreted as the minimum number of additional
errors that occurred in case of a wrong decision in the inner code.
During the decoding process the following condition has to be
checked:

(Condition 1) >l

JEE (az. )

P )

JEE(a;. ay)

JIEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 41, NO. 5, SEPTEMBER 1995

Decoding Algorithm: For each stage i, withi =1, 2, ---. m, do:

1) Decode the received word r in the inner codes to get an
estimated codeword bg-’) of code Bf’) for j € Ji.
2) Map these estimates bg’), J=1,---, na,: to the outer code
symbols to get @; and use ag’) as reliability for position j of a..
3) Forl = 1.---, da.; set the | positions with smallest relia-
bilities (15‘) to erasures and use an Error-and-Erasure Decoder
(EED) to find a{l}.

4) Check if any a;{l} satisfies Condition 1. If yes, a; = a;{l} is

the final decision. If no, signal decoding failure.

5) Continue with the next stage.

In the Appendix, we prove the following theorem:

Theorem 3: The algorithm will find the transmitted codeword as
long as less than d/2 errors have occurred during transmission.

For an LUEP code constructed as a (modified) GC code, it is
desirable to be able to guarantee a correct decoding as long as at most
L(s(G), —1)/2] errors have occurred in the transmitted codeword. If
the outer codes in the above constructions have an equal protection
of their information symbols, the described decoding algorithm can
be applied directly and guarantees a decoding up to [(s(G)i —1)/2]
errors. This is due to the properties of the multistage decoding. Similar
to the BZZ algorithm, many error patterns of higher weight are
decoded too.

The authors are not aware of a general BMD decoder for LUEP
codes that corrects errors and erasures, and issues complete code-
words. Such a decoder would be necessary for the general case.
However, if we again assume that the outer codes .4, in the con-
structions are also GC LUEP codes with inner codes that are not UEP
codes, the decoding up to |(s(G), — 1)/2] errors can be achieved
by the algorithm for modified GC codes as described above. This
is demonstrated for the first infOrr/nation symbol m; with separation
s(G)y: first the inner codes B;m ,for j = 1.+, n,. 1, are BMD
decoded and an estimation for the outer code symbols a;, . ;, together
with the estimation of the reliability for these symbols n(jo), are
transmitted to the outer code 4 ;. Since this code is again a GC LUEP
code with inner codes that are not UEP codes, the a (/0) represent the

reliabilities for the code symbols of the inner codes B_;U)’ of the GC
code A,. Proceeding in this way until the outer code is no longer
an UEP code (this occurs in the worst case after &, 1 steps) finally
allows the application of the above algorithm and a decoding of 1.

V. SUMMARY

In this correspondence we use modified GC codes for the con-
struction of binary codes of noncomposite length and of LUEP codes.
Using this construction, it is not only possible to construct good codes
but also to decode them efficiently. Especially, this holds true for the
constructed LUEP codes. A decoding algorithm which guarantees
decoding up to half the designed minimum distance, similar to the
BZZ algorithm, is derived.

APPENDIX
PROOF OF THEOREM 3

We will prove Theorem 3 by using the following two theorems
from [12]:

Theorem 4: There is only one codeword a; in a code with mini-
mum distance d, ; that satisfies Condition 1.

Theorem 5: 1f any codeword a; satisfies Condition 1, it will be
found by an Error-and-Erasure Decoder. )

Notice that for the proof of these two theorems, the reliability “'(jl
does not have to be specified. It only has to be greater or equal to
zero. Using Condition 1 we prove Theorem 3:

)

IPR2018-1557
HTC EX1051, Page 25



IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 41, NO. 5, SEPTEMBER 1995

Proof: Denote by T the total number of errors and consider the
following inequalities:

dg 4
0
2T <Y g

j=1
na i d!l“t
© 2 dulry ] < Y dy,
=1 j=1
da, i da, ¢
, (i
= 23 dulrngy. engyl < > db.)ll(j)
i=1 j=1

= Y W<

JEE(ay. ay)

T,

JEE(a;.ay)

- The last step follows from the following considerations:

D) I8 = ¢; then o' > dy ; — 2dsi(c;. 7))

2) If b§’) # c; then ai’) < 2du(cj. r;) — dy. ;. because

do.; <diifeg. r))+dulb§. 7))
&y —2dub. r)] <2dsi(cs. ) = di .

(2) ()
QS

j€E(as.ay)

[do,; — 2dr (7. 7))]

So

JEE (a5, a5)

JEE(a;. ay)
JEEH(a5.a,)UE(a;. ay)
da i

> doug) = 2dulrng). engl

=1

[Q(ZH((’j. ri) — de]

db‘j —_ 2dH(CJ. 7‘]‘)

I

i.e., as long as less than d/2 errors have occurred, only the transmitted
codeword satisfies Condirion 1 and the EED will find it. O

For LUEP codes the following theorem holds:

Corollary 1: All codewords a; in an LUEP code with separation
vector 8 = (s1.---. sx) that satisfy Condition 1 with d = s;, have
the same information symbol mj.

Proof: Codewords generated from information vectors which
differ in component m; have minimum distance s; by definition of
s. The theorem follows from the same arguments as in [12, proof of
Theorem 1]. O
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A New Approach to the Design of
Codes for Synchronous-CDMA Systems

Gurgen H. Khachatrian and Samvel S. Martirossian

Abstract— In this correspondence a new approach to increase the
sum rate for conventional synchronous code-division multiple-access (S-
CDMA) systems is presented. It is shown that it can be done by joint
processing of the outputs of matched filters, when one considers the
system of codes for S-CDMA to be the codes for the usual adder channel.
An example of construction and decoding of such a system is also given.

Index Terms—Multiuser spread-spectrum system, code-division multi-
ple access, adder channel, matched filter.

I. INTRODUCTION

Recent developments in multiuser spread-spectrum communication
systems show the need to increase their sum rate. In cellular systems
this means increasing the number of users, that can be simultaneously
active inside each cell. In code-division multiple-access (CDMA)
systems each of the users is assigned a binary =1-valued spreading
sequence of the same length.

In a synchronous CDMA (S-CDMA) system, all users are in exact
synchronism in the sense that not only are their carrier frequencies
and phases the same, but also their expanded data symbols are aligned
in time. It is also assumed that all the sequences have equal energy.

In a conventional CDMA receiver, the demodulator output for each
symbol interval is further processed separately by each user. This pro-
cedure is called matched filtering. Mathematicaily, this corresponds
to computing the scalar product between the spreading sequence
of the ith user and the vector which represents the demodulator
output of the CDMA system. Interuser interference then is defined
by the crosscorrelation function between the spreading sequences of
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