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Synopsis

e study the elasto-capillary self-thinning and ultimate breakup of three polystyrene-based idea
lastic fluids by measuring the evolution in the filament diameter as slender viscoelastic thread
eck and eventually break. We examine the dependence of the transient diameter profile and t

ime to breakup on the molecular weight, and compare the observations with simple theories fo
reakup of slender viscoelastic filaments. The evolution of the transient diameter profile predicte
y a multimode FENE-P model quantitatively matches the data provided the initial stresses in th
lament are taken into account. Finally, we show how the transient uniaxial extensional viscosity o
dilute polymer solution can be estimated from the evolution in the diameter of the necking

lament. The resulting ‘‘apparent extensional viscosity’’ profiles are compared with similar results
btained from a filament stretching rheometer. Both transient profiles approach the same value f

he steady state extensional viscosity, which increases with molecular weight in agreement with th
ouse–Zimm theory. The apparent discrepancy in the growth rate of the two transient curves ca
e quantitatively explained by examining the effective stretch rate in each configuration. Filamen

hinning studies and filament stretching experiments thus form complementary experiments tha
ad to consistent measures of the transient extensional viscosity of a given test fluid. ©2001 The
ociety of Rheology.@DOI: 10.1122/1.1332389#

. INTRODUCTION

Small quantities of polymeric additives often have very pronounced effects on fluid
otion, and one particular type of flow that has been studied extensively in this regard i

he necking and breakup of polymeric liquid jets. Newtonian jets rapidly neck down
nder capillary action and pinch off into evenly spaced droplets and interspersed satellit
roplets due to the well-known Rayleigh–Tomotika instability@Rayleigh ~1878!; Ray-
igh ~1892!; Tomotika~1935!#, whereas even very dilute polymer solutions form stable
ts or ‘‘beads-on-a-string’’ structure that persist for a relatively long time@Goldin et al.

1969!#. Extensive reviews of the early literature in the subject are given by Bogy~1979!
nd in the monograph by Yarin~1993!. A comprehensive review of more recent literature
n breakup phenomena in Newtonian fluid filaments and jets, including experimenta
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results, numerical simulations, stability analyses, and similarity solutions for the ap-
proach to breakup, is provided by Eggers~1997!. Early linear stability analyses of vis-
coelastic jets indicated that they were actuallylessstable than equivalent Newtonian jets

116 ANNA AND MCKINLEY
@Middleman~1965!; Goldinet al. ~1969!; Goren and Gottlieb~1982!#. However, Goldin
and co-workers noted that nonlinear phenomena become increasingly important as the
filament necks down, so that a linear analysis is no longer valid@Goldin et al. ~1969!#.
Goren and Gottlieb also observed that allowing for a finite initial tension in the filament
increased the stability of the filament@Goren and Gottlieb~1982!#. By using a finite
element simulation to incorporate nonlinear effects, Bousfield and co-workers were able
to simulate the entire transient evolution of a viscoelastic jet as it formed the beads-on-
a-string configuration@Bousfield et al. ~1986!#. More recently, Chang and co-workers
have presented an asymptotic analysis and numerical simulations of the elasto-capillary
necking dynamics of viscoelastic jets described by the Oldroyd-B model@Changet al.
~1999!#.

These stability analyses have shown that the extensional rheological response of a
fluid dictates whether or not it will form stable jets and filaments. Building on early work
by Chang and Lodge~1972!, Ide and White incorporated effects of surface tension and
nonlinear extensional rheology to predict the ‘‘spinnability’’ of viscoelastic fluids in
imposed uniaxial elongation@Ide and White~1976!#. Renardy~1994, 1995!has presented
nonlinear analyses of the asymptotic approach to capillary-driven breakup of slender
Newtonian and viscoelastic jets using a Lagrangian formulation, and showed that vis-
coelastic constitutive models predicting unbounded stress growth during extension lead to
the formation of filaments that never break while other models with a finite steady state
uniaxial extensional viscosity will break in finite time. During the necking and breakup of
viscoelastic fluid filaments, elastic tensile stresses resist the pinching caused by capillary
action. As a result, tensile stresses in the viscoelastic fluid grow and polymer chains are
elongated in the local region near breakup. Since the local flow field in this region is
primarily extensional, analysis of necking phenomena provides a plausible way of mea-
suring the extensional response of viscoelastic fluids. Schu¨mmer and Tebel~1983! de-
scribed a ‘‘free jet elongational rheometer,’’ in which the diameter of a periodically
forced fluid jet undergoing capillary thinning is monitored as a function of time. Another
filament breakup device, referred to as the ‘‘microfilament rheometer’’ was introduced in
1990 @Bazilevsky et al. ~1990!#, and is similar in operation to the filament stretching
device introduced at about the same time@Matta and Tytus~1990!; Sridharet al. ~1991!;
Tirtaatmadja and Sridhar~1993!#. The principal difference between the filament stretch-
ing rheometer and the filament breakup rheometer is that in filament stretching devices, a
cylindrical liquid bridge is formed between two rigid endplates, which are then actively
stretched apart with an exponentially increasing separation profile. In the filament
breakup device, these endplates are rapidly separated and then held at a fixed axial
separation, and the subsequent evolution of the midfilament diameter is monitored during
the process of necking and breakup.

Extensional rheometry utilizing these two devices has progressed in parallel since the
early 1990s. Several groups have developed filament stretching rheometers based on the
original design of Sridhar and co-workers, and a significant amount of work has been
performed to quantify the extensional rheology of dilute polymer solutions as well as to
define appropriate experimental technique and interpretation of the resulting measure-
ments @Berg et al. ~1994!; Solomon and Muller~1996!; Spiegelberget al. ~1996!;
Spiegelberg and McKinley~1996!; van Nieuwkoop and Muller von Czernicki~1996!;
Kolte et al. ~1997!; Szabo~1997!; Annaet al. ~1999!; Orr and Sridhar~1999!; Verhoef
et al. ~1999!#. Most recently, an interlaboratory comparison of filament stretching data
Bio-Rad Ex. 2028 
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for three common test fluids was presented, in which the authors demonstrated that
agreement between different designs of filament stretching rheometers is excellent@Anna
et al. ~2000!#.
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117ELASTO-CAPILLARY THINNING AND BREAKUP
Using the filament breakup device, Bazilevsky and co-workers~1990,1997!have pre-
ented measurements for various polyacrylamide and polyethylene oxide-based polym
olutions, and compared the results with simple theories for the approach to breakup o
ewtonian and viscoelastic filaments. Liang and Mackley~1994!presented similar self-

hinning measurements for polyisobutylene solutions, and used the evolution in the di
meter profile to obtain a characteristic relaxation time for these fluids. They found tha

he relaxation timelR obtained from filament thinning measurements was nearly a factor

f 3 larger than the mean relaxation timel̄ obtained from shear rheology measurements.
ore recently, Stelter and co-workers~2000!presented thinning measurements for poly-
crylamide solutions, and used the transient diameter profiles to compute a relaxatio

ime and an apparent elongational viscosity for these semidilute solutions. Entov an
inch ~1997! used a multimode FENE model to predict the breakup profile of very
lender viscoelastic fluid filaments. The authors analyzed the asymptotic behavior in thre
ifferent regimes of the elasto-capillary flow and predicted the time dependence of th
idfilament diameter in each regime. In a recent experimental and numerical study, Kolt
nd Szabo~1999!found that quantitative agreement with experimental data could not be
chieved using this theory unless axial variations in the filament profile and radial varia

ions in the tensile stress difference were also incorporated. Finally, McKinley and
ripathi ~2000! also used a filament breakup device to compare measurements with
iscous Newtonian fluids to the appropriate similarity solution for the approach to
reakup and showed that, for Newtonian filaments, quantitative agreement with the one
imensional theory of Papageorgiou~1995!can be achieved by correctly accounting for

he self-similar configuration of the necking filament.
Having demonstrated that measurements of capillary breakup in Newtonian fluids ca

e successfully described by a one-dimensional theory, we now seek to investigate if th
ppropriate one-dimensional analysis@Entov and Hinch~1997!# can be used to extract
uantitatively accurate values of material parameters for viscoelastic liquids. The analys
f Entov and Hinch for capillary thinning and breakup of elastic filaments is based on a
ultimode formulation of the FENE-P dumbbell theory, which accurately describes the

heology of infinitely dilute monodisperse homopolymer solutions. Unfortunately, almost
ll experimental analyses of elasto-capillary thinning to date have used semidilute o
oncentrated solutions of polydisperse macromolecules. The shear rheology of such m
erials is typically poorly described by idealized models such as the FENE constitutive
quation unless unrealistically low values of the relevant model parameters are chose
Entov and Hinch~1997!#. It is thus not possible to ascertain whether material properties
xtracted from measurements of elasto-capillary thinning are consistent with the value
f molecular parameters on which the original model and analysis were based. The go
f the present study is thus to investigate the elasto-capillary drainage and breakup
ilute monodisperse polymer solutions which have already been well characterized i
iscometric flows using conventional shear rheometry and also in transient uniaxial ex
ension using filament stretching rheometry.

Although the flow in a filament stretching rheometer and in a capillary breakup rhe-
meter are slightly different, both devices generate a uniaxial extensional flow. In the
lament stretching device, the characteristic time scale of the flow is well defined,

flow 5 ( «̇0)21 , and thus the flow kinematics and fluid response are relatively straight-
orward to interpret. However, an ideal filament stretching experiment is practically dif-
Bio-Rad Ex. 2028 
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118 ANNA AND MCKINLEY
cult to implement, and several limitations arise from mechanical constraints as well as
ravitational sagging effects and elastic instabilities@Anna et al. ~2000!#. By contrast, a
lament breakup experiment is relatively simple to perform; however, since the fluid
olumn is allowed to spatially rearrange and select its own time scales, the dynamics o
he fluid response can be quite complicated and the kinematics are typically time depen
ent. Analysis and interpretation of filament thinning data is therefore not as straightfor-
ard as that of filament stretching data. However, the response of a given fluid to these

wo different flows depends only on its microstructure as encoded in the constitutive
quation, and thus we expect a correct analysis of each experiment to yield consisten
heological information for a given fluid.

In this study, we examine the filament stretching and breakup responses of three
ifferent polystyrene-based Boger fluids, in which the polymer concentration is fixed at
.05 wt % and the polymer molecular weights are 2.0, 6.5, and 20 million g/mol. These

hree Boger fluids are the same well-characterized test fluids used in the interlaborator
omparison of filament stretching devices mentioned above@Anna et al. ~2000!#. In the
ollowing section, we present measurements of the evolution in the midfilament diameter
rofilesDmid(t) observed during elasto-capillary thinning experiments for the three dif-

erent Boger fluids. We compare the characteristic relaxation time obtained from this data
o the relaxation times obtained from conventional viscometric experiments. In Sec. III,
e compare these experimental observations to theoretical predictions using a multimod
ENE model, and in Sec. IV, we show how the force balance on the filament can be used

o reexpress midfilament diameter profiles in the form of a transient extensional viscosity.
inally, we compare the molecular weight dependence of the steady-state extensiona
iscosity obtained from the asymptotic behavior of filament breakup experiments to the
ehavior predicted from kinetic theory for bead-spring chains.

I. FILAMENT THINNING AND BREAKUP EXPERIMENTS

. Experiment setup

Although several devices have been developed to specifically make measurements o
isco-elasto-capillary thinning@Bazilevsky et al. ~1990!; Kolte and Szabo~1999!;
cKinley and Tripathi~2000!; Stelteret al. ~2000!#, the filament breakup experiments
erformed in the present study were actually carried out in a filament stretching apparatu

hat has been described in detail elsewhere@Anna et al. ~1999, 2000!#. A schematic
iagram of the experimental configuration is shown in Fig. 1. A nearly cylindrical sample

FIG. 1. Schematic diagram of a capillary thinning experiment.
Bio-Rad Ex. 2028 
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119ELASTO-CAPILLARY THINNING AND BREAKUP
of fluid initially fills the gap between two rigid, circular endplates with diameterD0 and
initial separationL0. The endplates are then moved apart to a final separationL f with an

exponentially increasing separation profile,Lp(t) 5 L0exp(1Ėt) , whereĖ is the stretch
rate. During the short period of stretching, both the midfilament diameterDmid and the
tensile force at the endplateFp are monitored but once the endplates have stopped
moving, the force rapidly decays to zero, and the midfilament diameter alone is moni-
tored until the fluid column breaks. The filament stretching apparatus was used so that the
rate of separation of the endplates could be precisely controlled, and so that the initial
stresses in the filament could be monitored. However, we have also performed analogous
filament breakup experiments on the same test fluids in a microfilament rheometer de-
signed by Entov and co-workers@Bazilevsky et al. ~1990!# in which the rate of axial
separation is not precisely controlled, and the transient midfilament diameter profiles
following cessation of stretching agreed quantitatively between the two devices. The
initial axial separation of the plates may thus be viewed as the elongational equivalent of

a ‘‘step–strain’’ experiment, provided that the separation rateĖ is much faster than the

viscoelastic relaxation time in the fluid (Ė @ 1/l1) and the timescale for capillary drain-

age (Ė @ 2s/h0D0).
The diameter sensor used in these experiments is a laser micrometer which computes

the size of an object in its path based on the intensity of light entering the sensing element
~Omron Z4LA!. This sensor is calibrated periodically using transparent optical fibers that
mimic the opacity of the fluid filaments. The calibrated resolution of the sensor is ap-
proximately 20mm, and a representative calibration plot for the sensor is shown in Fig.
2. The Hencky strain«(t) experienced by the fluid element at the axial midplane at time
t can be defined using the midfilament diameter, in the same way as in a filament
stretching experiment, by

« 5 2 ln~D0/Dmid~ t !!. ~1!

FIG. 2. Calibration of diameter sensor using optical fibers of known size. The measured voltage~d! increases
linearly as diameter increases, as shown by the solid fitted line.
Bio-Rad Ex. 2028 
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TABLE I. Viscometric properties of SM Boger fluids. The density of each fluid isr 5 1026 kg/m3, the
surface tension iss 5 0.0378 N/m, and the viscosity of the solvent ishs 5 34.0 Pa s.

Mw ~g/mol! h0 ~Pa s! lZ ~s! L tcap ~s! Bo

120 ANNA AND MCKINLEY
The maximum measurable Hencky strain in the filament thinning experiments can be
estimated using the value of the midfilament diameter immediately after stretching has
stopped and the minimum diameter measurable by the sensor. This maximum Hencky
strain is given by

«max ' 2lnS1.5 mm

20 mm D 5 8.6. ~2!

Note that this estimate is based on thecalibratedminimum diameter of 20mm, but that
voltage values below the minimum calibration point are measured during a filament
breakup experiment. Since the calibration curve shown in Fig. 2 appears to be linear even
for low voltages, reliable diameter values as low as 5mm are obtained in practice,
corresponding to Hencky strains as large as«max ' 11–12. Large fluid strains can thus
be attained without the need for extremely large filament stretching instrumentation.

The test fluids used in this study are the same materials employed in the accompany-
ing interlaboratory comparison of filament stretching devices@Anna et al. ~2000!#. The
three fluids, denoted SM-1, SM-2, and SM-3, are polystyrene-based Boger fluids consist-
ing of high-molecular weight polystyrene dissolved in a Newtonian styrene oil. The
composition, equilibrium properties, and shear rheology of these three fluids has been
characterized thoroughly and is described in detail in the interlaboratory comparison
paper of Annaet al. ~2000!. The molecular weights of the polystyrene solutes are 2.0,
6.5, and 20 million g/mol, and the concentration of polystyrene is fixed for all three fluids
at 0.05 wt %, corresponding to dimensionless concentrations ofc/c* 5 0.44, 0.87, and
1.50, respectively. Under equilibrium conditions these elastic fluids thus span the dilute
and semidilute range. The linear viscoelastic behavior of all three fluids was found to be
well described by dilute solution theory with a Zimm spectrum of relaxation times, with
an additional contribution from solvent elasticity that becomes important only at high
deformation rates. The relevant fluid properties for the present study are reproduced in
Table I, including zero-shear-rate viscosityh0 , longest relaxation timelZ , and finite
extensibility parameterL. In addition, the densityr, surface tensions, and solvent
viscosityhs are given. The surface tension of the fluids was measured using a Wilhelmy
plate in a Krüss K-10 tensiometer, and was found to be identical for all three Boger
fluids, and for the Newtonian solvent. This is not surprising since the chemical compo-
sition of the solute and solvent is identical.

In addition to the relaxation time of the fluid, the other characteristic time scale of
importance in elasto-capillary thinning studies is the capillary time scale. Thiscapillary
time relates the relative effects of capillary and viscous forces for a given fluid and is
given by

SM-1 2.03106 39.2 3.7 88 1.56 0.60
SM-2 6.53106 46.1 31.1 164 1.83 0.60
SM-3 2.03107 55.5 155 277 2.20 0.60

PS oil — 32.5 — — 3.01 3.26
Bio-Rad Ex. 2028 
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TABLE II. Experimental parameters for filament thinning experiments.
The test conditions for the four fluids were the same, with a constant stretch

rateĖ 5 1.0 s21, an initial aspect ratioL0 5 1.0, and a final aspect ratio
L f 5 2.72.

121ELASTO-CAPILLARY THINNING AND BREAKUP
tcap 5
h0

~2s/D0!
. ~3!

orresponding values for each fluid are given in Table I. For dilute polymer solutions
escribed by the Zimm model, increasing the molecular weight of the polymer~i.e.,
olute! does not increase the total solution viscosity significantly since (h02hs)
} Mw

1/2, and the capillary time is roughly equal for all three test fluids. By contrast, the
elaxation time increases by more than a factor of 40 for an order of magnitude change i
olecular weight, sincelZ } Mw

3/2.
Although analysis of filament thinning experiments assumes axial symmetry about the

idplane, gravitational effects break this symmetry and lead to a weak axial flow; the
lament ‘‘sags’’ such that more than half the initial volume of fluid is found below the
idplane. The Bond number

Bo 5
rgD0

2

4s
, ~4!

rovides an estimate of the relative magnitude of this sagging effect compared with th
pposing capillary forces. The Bond number for each Boger fluid is identical, and is
iven in Table I. The breakup experiments with Newtonian fluids were performed using
.0 mm plates, corresponding to Bo' 3.6, and some axial asymmetry was readily ob-
ervable before the breakup event. The extent of this axial drainage depends not only o
he magnitude of the Bond number but also on the total time the liquid bridge remains
onnected. Addition of small amounts of high-molecular-weight polymer increases the
lament lifetime dramatically and accordingly the axial asymmetry was also found to

ncrease. Similar effects were observed in simulations by Kolte and Szabo~1999!. To
inimize this gravitational sagging, experiments with the SM fluids were performed
sing 3.0 mm plates resulting in a reduction of the Bond number to Bo' 0.60.

Test parameters for all three Boger fluids and the Newtonian solvent are given in
able II. For each fluid, the endplate diameterD0 is given along with the value of the
idfilament diameterD1 measured optically at the time stretching stops. For a rapid

tep–strain, the initial deformation of the fluid column should be well described by the
‘reverse squeeze flow’’ solution described by Spiegelberg and McKinley~1996!. Ignor-
ng the effects of gravity, the midpoint filament diameter at the instant stretching stops
hould thus be given byDmid(t1) ' D0(L0 /L f )

4/3 5 1.42 mm. This is in good agree-
ent (610%! with the values ofD1 observed experimentally.
The temperatureT of each experiment is also given in Table II, along with the corre-

ponding shift factoraT that is used in time–temperature superposition. The thermal

D0 ~mm! D1 ~mm! Azz
0 T (°C! (aT)

SM-1 3.0 1.564 47.4 20.9~2.64!
SM-2 3.0 1.364 221 21.0~2.55!
SM-3 3.0 1.320 712 21.1~2.51!

PS oil 7.0 3.042 — 25.0~1.00!
Bio-Rad Ex. 2028 
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122 ANNA AND MCKINLEY
sensitivity of these fluids is determined through viscometric measurements, and is de-
scribed in detail elsewhere@Annaet al. ~2000!#. Time–temperature superposition is used
in the filament necking experiments to shift the experimental elapsed times to those
corresponding to a reference temperatureT0 according to the relationship

t ~T0! 5
t~T!

aT
. ~5!

Finally, the stretching parameters imposed for all four necking experiments were equiva-

lent, with equal stretching ratesĖ and equal initial and final aspect ratios, which we
denoteL0 andL f , respectively.

B. Experimental results

Newtonian and viscoelastic fluid filaments neck and break in a qualitatively different
manner. Both the axial diameter profile and the time evolution in the midfilament diam-
eter are significantly different for each type of fluid. Figure 3 shows a time sequence of
filament breakup images taken with a charge coupled device camera for:~a! the New-
tonian styrene oil used in this study and~b! the SM-1 polymer solution. The axial profile
of the Newtonian filament is always inhomogeneous, and the minimum diameter is al-
ways close to the midplane~although gravitational effects cause the actual minimum to
be slightly above the midplane!. The axial profile of the viscoelastic filament is initially
similar to the Newtonian profile, but rapidly evolves into an axially uniform cylindrical
filament that connects the two roughly hemispherical fluid reservoirs near the endplates.
The time to breakup for the elastic Boger fluid is significantly longer than that of a
Newtonian fluid, even though the viscosities and capillary times are approximately equal.

FIG. 3. Sequence of video images showing capillary thinning and breakup for Newtonian and viscoelastic
filaments. The plate diameters in both sequences isD0 5 3 mm. While Newtonian filaments~top row! are
always axially nonuniform, Boger fluids~bottom row!form nearly cylindrical filaments that persist much longer
than a Newtonian filament with the same viscosity.
Bio-Rad Ex. 2028 
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Several authors have presented simple theories and similarity solutions that predict the
transient midfilament diameter for both Newtonian and viscoelastic filaments@Bazilevsky
et al. ~1990!; Renardy~1994, 1995!; Brenneret al. ~1996!; Bazilevskyet al. ~1997!;
Eggers~1997!; Entov and Hinch~1997!#. The solutions for breakup of a Newtonian
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123ELASTO-CAPILLARY THINNING AND BREAKUP
lament all predict a linearly decreasing diameter, with a form given by

Dmid~ t ! 5 aS 2s

hs
D ~ tb2t !, ~6!

here tb is the time to breakup; however, the value of the numerical prefactora is
ifferent for each solution. McKinley and Tripathi~2000!have recently shown that the
imilarity solution to the Stokes equations given by Papageorgiou~1995!, with
5 0.0709, agrees well with experiments using viscous Newtonian liquids.
By contrast to Newtonian fluids, the midfilament diameter of an Oldroyd-B fluid

lament is predicted to decrease exponentially with time@Bousfieldet al. ~1986!; Bazi-
evskyet al. ~1990!; Renardy~1994!; Bazilevskyet al. ~1997!; Entov and Hinch~1997!#.
f viscous stresses are assumed to be negligible, and elastic and capillary contributions to
he total force balance each other, then the mid-filament diameter is predicted to decrease
ccording to the form,

Dmid~ t ! 5 S hpD1
4

2l̄s
D 1/3

expS2
t

3l̄
D, ~7!

herehp 5 h02hs is the polymeric contribution to the viscosity,l̄ is the characteristic
elaxation time of the Oldroyd filament, andD1 is the midpoint diameter following

essation of stretching. The elastic modulus of the material is given byG [ hp /l̄ and
hen written in dimensionless form the prefactor in Eq.~7! may be viewed as an
lastocapillarynumberGD1 /2s . The analysis above applies to elastic fluids described
y the single time constant of the Oldroyd-B model. However, in reality, dilute polymer
olutions have a spectrum of time constants and it remains to determine which moment of
his spectrum is actually measured in capillary-thinning experiments. For a dilute suspen-
ion of noninteracting FENE dumbbells with a distribution of moduliGi and time con-
tantsl i , Entov and Hinch~1997!show that for ‘‘intermediate elastic times’’~i.e., after
iscous effects have become negligible and before finite extensibility of the dumbbells
ecomes important!, Eq.~7! can be generalized to

Dmid~ t !

D1
5 S (

i
S GiD1

2s
D exp~2t/li!D1/3

. ~8!

recisely the same equation can be obtained from the Rouse–Zimm model for anN-bead-
pring chain except thatGi and l i for each mode are now related to each other by
elationships of the form

li 5 lZ /i21s̃,

~9!
Gi 5 nkBT,

here s̃ is a measure of the hydrodynamic interaction. The dilute polymer solutions

tudied in the present work are well described by the Zimm model withs̃ ' 20.4. As a
esult of the broad separation of timescales in the Zimm spectrum, Eq.~8! can be sim-
lified at ‘‘long’’ times since the contribution of the higher modes rapidly decays. For
Bio-Rad Ex. 2028 
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124 ANNA AND MCKINLEY
. lZ the column necks sufficiently slowly that all of the elastic stress is carried by the
ngest mode~i 5 1! and the additional modes augment the~now negligible!viscous

sponse of the solvent. Equation~8! then simplifies again to the form of Eq.~7! with l̄
placed bylZ . Regression of experimental data for dilute polymer solutions undergoing

lasto-capillary thinning to Eq.~7! should thus yield estimates of the Zimm~longest!time
nstant.
Transient midfilament diameters measured for the Newtonian styrene oil and the SM-

oger fluid are shown in Fig. 4. As predicted from Eqs.~6! and ~7!, the midpoint
iameter profile of the Newtonian filament decreases approximately linearly with time
hile measurements of the filament evolution for the Boger fluid decay approximately
xponentially with time. The inset to Fig. 4 shows that the diameter deviates from the
xponential form of Eq.~7! at long times. Entov and Hinch~1997!show that this devia-
n arises from the finite extensibility of the molecules and the bounded nature of th

ssociated elastic extensional stress. Asymptotic analysis for both the FENE-P an
iesekus models@Renardy~1995!; Entov and Hinch~1997!#show that in this regime the
dius is expected to once again decreaselinearly with time until the filament breaks. The

ashed line shown in Fig. 4 corresponds to a linear fit to the data fort/tcap> 20 from
hich we can extract the critical time for breakup of the filament. We return to this
ltimate failure event in Sec. IV.

The values ofa andl̄ in Eqs.~6! and~7! are each determined from a linear regression
the experimental data shown, and these values are reported in Table III along wi

lues of the elasto-capillary number (hpD1 /2sl̄) at the moment the initial step-strain
otion ceases. The value ofa for the Newtonian styrene oil agrees with the Papageor-
iou prediction to within experimental error, in agreement with the results reported by

cKinley and Tripathi. In addition, the characteristic relaxation timel̄ for filament
inning of the SM-1 fluid agrees with the longest relaxation timelZ , obtained from
ear rheology, to within experimental error. In Fig. 5 we present the measured midfila

G. 4. Transient midfilament diameter profiles for thinning filaments of Newtonian styrene oligomer (s) and
M-1 Boger fluid~n!. Newtonian filaments break nearlylinearly with time, while Boger fluid filaments break
arlyexponentiallywith time. Solid curves show linear and exponential fits to the respective measured data
e inset shows the same data on a semilogarithmic scale, and the dashed line corresponds to a linear fit to
ta obtained for the SM-1 fluid at long timest/tcap> 20.
Bio-Rad Ex. 2028 
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TABLE III. Measured and computed properties of SM Boger fluids as determined from capillary-thinning
experiments.

Experiments Simulations

125ELASTO-CAPILLARY THINNING AND BREAKUP
ent diameter results for all three SM fluids. All three profiles are observed to decay
pproximately exponentially over almost 2 orders of magnitude inDmid(t). Regression to

he measured data for the SM-2 and SM-3 fluids yielded values ofl̄ that agree with the
alues oflZ obtained from shear rheology measurements.

As the molecular weight of the polymeric solute increases, the viscosity and relaxation
ime of the test fluids also increases. For viscous Newtonian fluids the appropriate times-
ale for characterizing capillary breakup is the capillary timetcap 5 h0D0 /2s given in
able I. However, it is clear from Figs. 4 and 5 that this is not the appropriate scale for
lasto-capillary thinning since from the Zimm theory it exhibits a very weak dependence
n molecular weight (h02hs) ; Mw

3n21, wheren is the excluded volume parameter.
nalysis of Eqs.~7! and~8! suggests that for dilute polymer solutions a more appropriate
cale is the longest~Zimm! time constant which exhibits a more pronounced dependence
n chain length (lZ ; Mw

3n). The same midfilament diameter data that appears in Fig. 5
s replotted in Fig. 6 with the time axis rescaled with the longest relaxation time of the
uid. In this case, the three necking profiles nearly collapse onto a ‘‘master curve.’’
inally, we note that the ratio of the time to breakup and the longest relaxation time,
efined previously by Bazilevsky and co-workers~1997! as the parameterS [ tb /lZ ,

IG. 5. Transient midfilament diameter profiles for breaking filaments of SM Boger fluids. Breakup time
ncreases dramatically as the polymer molecular weight increases@SM-1 (s); SM-2 (h); SM-3 ~n!#.

Fluid
hpD1

2l̄s l̄ ~s! S [
tb

lZ
Tr` l̄ ~s! S [

tb

lZ
Tr`

SM-1 0.0337 3.19 15.8 1110 3.58 14.6 1200
SM-2 0.0079 27.8 16.0 8010 30.9 15.3 8850
SM-3 0.0025 152 17.9 41100 152 15.2 33300

PS oil a 5 0.07560.013 a 5 0.0709
Bio-Rad Ex. 2028 
Page 11



ra nt
w
a
fi

o
s
re
s
b
e
fi
s
c l
s t
th
g

II

c
s e
‘‘p
o a
ro
w
H

F
a
by
B
gi

126 ANNA AND MCKINLEY
nges between 15 and 18 for the three fluids considered here. This range is consiste
ith that previously reported for other dilute polymer solutions@Bazilevskyet al. ~1997!#
nd is noticeably longer than the values for semidilute or concentrated solutions in which
nite extensibility effects become pronounced much earlier.

We have also explored the effect of the total initial stretchL f [ L0exp(«f) imposed
n the filament. For large initial axial strains« f > 2, filament stretching experiments
how that significant strain hardening in the elastic stress is to be expected. The slow
laxation of this initial stress delays the necking of the filament. Conversely, for small

trains« f < 1, the small amplitude of the initial perturbation in the shape of the liquid
ridge means that gravitational ‘‘slumping’’ and the quasistatic fluid reservoirs at each
ndplate exert considerable influence on the necking dynamics. The evolution of the
lament is thus poorly described by the uniform axial thread model. Our experiments
uggest that the optimal range of imposed axial Hencky strains is 1< « f < 2. As a
onsequence of the no-slip boundary condition imposed by the endplates, a cylindrica
ample does not deform affinely, and the true strain accumulated by the fluid element a
e axial midplane is, in fact,«mid(t1) [ 2ln(D0/D1) > 1.5 ~for our experiments!, as
iven by the reverse squeeze flow solution@Spiegelberget al. ~1996!#.

I. MODELING ELASTO-CAPILLARY THINNING AND BREAKUP

The expression given in Eq.~7! is valid at intermediate times during the elasto-
apillary thinning of a Boger fluid filament. In this regime, viscous contributions to the
tress are negligible, and the elastic stresses in the fluid exactly balance and resist th
inching’’ action of the capillary pressure. In order to fully describe the entire evolution

f the midfilament diameter, it is necessary to incorporate viscous stresses, which play
le in the initial transient regime, as well as the finite extensibility of the polymer chains,
hich become important at late times, as the filament ruptures in finite time. Entov and
inch ~1997!have already investigated in detail the filament breakup of dilute polymer

IG. 6. Comparison of measured midfilament diameter profiles for elastic fluid filaments with predictions from
multimode FENE-P model@SM-1 (s); SM-2 (h); SM-3 ~n!#. Two sets of numerical simulations are shown

the lines~with small symbols corresponding to material parameters for SM-1, -2, and -3, respectively!.
roken lines correspond to zero initial stresses in the filament; solid lines correspond to an initial deformation
ven by Eq.~18! in the text.
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solutions, using a multimode FENE model to examine the consequences of a spectrum of
relaxation times and the effects of finite molecular extensibility. Each of the regimes
described above were considered in that study, and the asymptotic behavior of the
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127ELASTO-CAPILLARY THINNING AND BREAKUP
idfilament diameter in each regime was calculated.
In the present study, we use the method described by Entov and Hinch to predict the

lament thinning behavior of the SM Boger fluids. We use a multimode FENE-P model,
ith a spectrum of relaxation times corresponding to the Zimm spectrum obtained from

he linear viscoelastic data for each fluid. The evolution equations for theith mode can be
ritten in terms of the conformation tensorA i , as follows:

A i ,(1) 5 2
1

l i
~ f iA i2I !, ~10!

here the subscript~1! denotes the upper-convected derivative@Bird et al. ~1987!#, andI
s the unit tensor. The quantityf i is defined by

fi 5
1

12trAi /Li
2 , ~11!

hereLi is the finite extensibility of the given mode, and is related to the finite exten-
ibility parameterL according to

Li 5
L

in
, ~12!

here n is the excluded volume exponent for the SM Boger fluid, which has been
haracterized elsewhere@Anna et al. ~2000!#. For an ideal uniaxial extensional flow, the
olymeric contribution to the tensile stresses can now be computed from the above
uantities using the following relationship:

Dtp [ @tzz2trr # 5 (
i 5 1

Nm

nkTfi~Azz,i2Arr,i !, ~13!

hereNm is the number of relaxation modes, and the elastic modulus of all modes is

iven by G [ nkT 5 (h02hs)/lZ( i1/i21s̃. We use independently measured values
f the SM fluid properties that appear in the above equations, with no adjustable param-
ters.

At each timestep, the polymeric tensile stress differenceDtp is computed, and the

orresponding strain rate«̇ is obtained from an axial force balance on the filament. The
orce balance includes viscous, elastic, and capillary terms, and ignoring axial curvature
ffects, is given by

3hs«̇ 5 F 2s

Dmid
2DtpG . ~14!

For slender filaments the rate of strain in a fluid element can be expressed in terms of
he rate of evolution of the filament diameter by

«̇ 5 22
d ln~Dmid/D0!

dt
. ~15!

his definition can be combined with Eq.~14! to obtain a differential equation describing
he transient evolution of the diameter. Equations~10!–~15! form a coupled set of~2
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Nm11! ordinary differential equations~ODEs!for Dmid(t), Azz,i (t), andArr, i (t) which

can be integrated using standard routines for stiff ODEs.
The results of simulations usingNm 5 8 are depicted in the three lower~broken!
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128 ANNA AND MCKINLEY
urves shown in Fig. 6. The predicted curves have a qualitatively similar shape to the
xperimental curves, but the time to breakup is significantly underpredicted, and thus the
agnitude of the midfilament diameter is also underpredicted at all times. This discrep-
ncy can be attributed to the fact that in the original model of Entov and Hinch the initial
iscoelastic stresses in the filament at the cessation of stretching are assumed to be zero
his leads to an initial ‘‘viscous regime’’ in the model during which only the viscous
esponse of the filament resists capillarity and the thread thus rapidly constricts. How-
ver, in reality, the necked fluid filament has been formed by an initial stretching process,
nd viscoelastic stresses will also have built up in the filament. Entov and Hinch~1997!
ecognized the importance of this initial deformation and used theoretical estimates for
he initial conditions when comparing their computations with the experiments of Liang
nd Mackley~1994!.

The capillary thinning and breakup experiments described in the present study were
erformed in a filament stretching device equipped with a sensitive force transducer in
rder to allow the evolution in the tensile force in the filament to be monitored during the

nitial stretching process. The value of the tensile force and the midpoint diameter mea-
ured shortly after cessation of stretching~at time t 5 t1) can be utilized in order to
stimate an initial stress in the filament, which can then be used as an initial condition to
redict the subsequent evolution in the midfilament diameter profile. Several assumptions
ust be made to obtain suitable initial conditions for 2Nm11 ODEs from two experi-
ental observables, however, given the hyperbolic nature of the constitutive equations,
sing any nonzero estimate should improve the predicted transient profiles.

In addition to the above procedure, we have also developed an alternate approach to
he analysis of capillary thinning data for dilute polymer solutions which does not require
he measurement of the tensile force at the cessation of stretch. The most noticeable
eviation between the computed and measured filament thinning profiles shown in Fig. 6

s the absence~in the experiments!of the initial viscous regime at short times during
hich the numerically computed values ofDmid(t) rapidly decrease. This conspicuous

ack of an initial visco-capillary regime is also evident in the experimental measurements
f Kolte and Szabo~1999!and Stelteret al. ~2000!. All experimental measurements of
apillary thinning using dilute elastic polymer solutions show that, following the cessa-
ion of the rapidly imposed endplate deformation, the midpoint radius of the viscoelastic
hread in fact decreases in a smooth manner which is approximately exponential in form.

Entov and Hinch sought analytic solutions in which first the viscous and capillary
erms balance each other~since the polymer chains in the fluid column were assumed to
nitially be undeformed!, followed by an elasto-capillary regime in which the viscous
erm is negligibly small and the polymeric stresses balance the capillary term. However,
n a dilute polymer solution with a viscous solvent, all terms in Eq.~14!may be important
t the beginning of the self-thinning process. During the short, but finite, time required

or the cessation of stretching the liquid bridge formed between the two endplates
earranges so that the contributions to the total force in the column given by Eq.~14!
alance each other. We therefore seek a solution to Eqs.~10!–~15! in which all terms are
etained and are initially of equal magnitude.

Since the flow is extensional in nature and the fluid column selects a stretching rate
hat is just sufficient to overcome the entropic relaxation of the longest mode~with time
onstantlZ) the polymeric contribution to the stress in Eq.~13! is dominated by the first
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term and all other modes relax so thatAzz,i ' Arr, i for i Þ 1. If the deformation rate of
the bridge is initially constant, as found in the experiments, then thezzcomponent of Eq.
~10! can be combined with Eq.~15! and integrated directly~taking f ' 1 sinceL is
l
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129ELASTO-CAPILLARY THINNING AND BREAKUP
1 1
arge! to give

Azz~t!

Azz
0 5 S D1

Dmid(t)
D 4

exp~2t/lZ!, ~16!

hereAzz
0 is the initial value of the polymeric stretch at the end of the imposed stretching

nd beginning of capillary thinning. As first discussed by Entov and Hinch, a self-
onsistent balance of the elastic and capillary terms in Eq.~14! following the initial
iscously dominated response leads toAzz(t) ; exp(t/3lZ), Dmid ; exp(2t/3lZ) and

ence«̇ 5 2/(3lZ).
The experimental data in Fig. 6 show that the rate of necking immediately following

he cessation of stretching is indeed approximately constant and the same as the valu

bserved at later times; we thus substitute«̇ 5 2/(3lZ) into Eq. ~14!. Combining with
q. ~16! and rearranging leads to

2hs

GlZ

Dmid~ t !

D1
5 F 2s

G D1
2Azz

0 S D1

Dmid(t)
D 3

exp~2t/3lZ!G . ~17!

It is clear from Eq.~17! that at early times (t/lZ ! 1) whenDmid(t)/D1 ; O(1) the
iscous response of the solvent on the left-hand side is not negligible unlesshs
! (GlZ). This is not the case for dilute polymer solutions~although it may be a more
easonable approximation for semidilute or concentrated solutions!. During the cessation
f stretching, the fluid column will thus rearrange so that all three terms in Eq.~17!
alance, corresponding to an initial value of the axial stretch given by

Azz
0

5 @2s/~GD1!22hs/~GlZ!#. ~18!

The polymeric stretch subsequently grows asAzz 5 Azz
0 exp(t/3lZ) . Rearranging Eq.

16! then leads to the following expression for the evolution in the midpoint diameter of
he column:

Dmid~ t !

D1
5 S Azz

0

Azz~ t !
D 1/4

expS2
t

4lZ
D 5 expS2

t

3lZ
D. ~19!

s the column necks down, and the elastic stresses in the fluid grow, the left-hand side o
q. ~17! becomes increasingly negligible and the solution smoothly crosses over to the
lasto-capillary balance found by Hinch and Entov with no change in the rate of necking.
umerical simulations of the full multimode FENE-P model using nonzero initial values

or the components of all modesA i support the form of Eq.~19!. The necking rate in the
olumn rapidly adjusts so that the initial stretch in all of the higher modes relax and the
apillary pressure is balanced by the viscous solvent and the longest polymeric mode.

Values of the initial stretchAzz
0 computed for the three SM fluids using Eq.~18! are

iven in Table II. The predicted evolution in the filament diameter given by numerical
imulation of Eqs.~10!–~15! for each fluid~with Nn 5 8 and initial conditions given by
he tabulated values ofAzz

0 ) is shown in Fig. 6 by the solid lines. The analytic result of
q. ~19! is shown for the case of the SM-3 fluid by the dotted line. The deviation between

he analytic result and numerical computations at long times is a result of the finite
xtensibility of the chains. It can be seen from Fig. 6 that the agreement between experi
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ments and theoretical predictions is now nearly quantitative, with a greatly improved
prediction of the time to breakup. Using linear regression to the simulation diameter data,
we obtain corresponding values of the characteristic relaxation time and the time to
br
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130 ANNA AND MCKINLEY
eakup that would be measured in a capillary thinning experiment. The values obtained

r l̄ andS are given in Table III, and agree very well with the experimental values.

. THE APPARENT EXTENSIONAL VISCOSITY

Transient extensional stress growth

The thinning dynamics of the elastic fluid filaments result from an interplay between
e fluid rheology and the effects of capillarity. In the previous section, we have demon-
rated that the observed evolution of the midfilament diameter as the fluid thread necks
wn and breaks is well described using a multimode FENE dumbbell model and an
propriate force balance on the fluid filament, if the initial deformation of the polymer
ains is correctly accounted for. The transient extensional rheology of the fluid is en-
ded in this evolution and it is desirable to reexpress the midfilament diameter data in a
ore intuitive format, i.e., as a transient tensile stress or extensional viscosity. Following
e ideas proposed by Schu¨mmer and Tebel~1983!, we can indeed obtain an apparent
tensional viscosity that is related directly to the midfilament diameter by substituting
. ~15! into the force balance given in Eq.~14!. We define an appropriate apparent
tensional viscosity by

h̄app[
Dtp~ t !

«̇~ t !
13hs . ~20!

mplifying, we find thath̄appis related to the first derivative of the midfilament diameter
cording to the following equation:

h̄app 5
2s/Dmid~ t !

«̇~ t !
5

2s

dDmid/dt
. ~21!

To use the latter relationship, it is necessary to differentiate experimental diameter
ta which becomes increasingly noisy as the filament diameter decreases toward the
solution limit of the detector. In the present study, a global functional form of the
idfilament diameter has been assumed that is consistent with the expected asymptotic
havior predicted by the FENE-P simulations. As we have shown, the midfilament

ameter decreases exponentially at short and intermediate times, and Entov and Hinch
997!show that the diameter will approach linear behavior at late times. This behavior
sults when the polymer chains become fully stretched, and the elastic stresses can no
nger grow to resist the increasing capillary pressure. In this regime, the fluid behaves as
very viscous anisotropic Newtonian fluid with a viscosity equal to the steady-state

tensional viscosity of the fluidh̄` . To mimic the expected diameter behavior in these
o regimes, we assume the following functional form for the diameter:

Dmid~ t !

D1
5 ae2bt2ct1d, ~22!

herea, b, c, andd are fitting parameters. The value ofb21 is clearly related to the
ngest relaxation time of the fluid, and the steady-state extensional viscosity is related to
e value ofc21. The result of fitting this functional form to the data is shown by the
shed line in the inset of Fig. 6. The apparent extensional viscosity can now be com-
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131ELASTO-CAPILLARY THINNING AND BREAKUP
puted by regressing the experimental midfilament diameter to Eq.~22!, differentiating,
and substituting the resulting expression into Eq.~21!. The diameter data at early viscous
times (t < lZ) when the initial force in the column is still important and the liquid
bridge is still rearranging can be separately fit to a polynomial if desired, and the two
regions connected together by requiring that the diameter and its derivative are continu-
ous.

The transient Trouton ratio, or dimensionless extensional viscosity, for the SM-2
Boger fluid is shown in Fig. 7~a! as a function of the Hencky strain, where the Trouton
ratio is defined as

FIG. 7. Direct comparison of transient extensional viscosities measured in filament stretching rheometry with
apparent extensional viscosities computed from diameter profiles of thinning filaments.~a! SM-2 Fluid. Mea-
sured extensional viscosities in filament stretching~d, De 5 15.2! and filament thinning (s, De ' 2/3! are
compared with predictions from multimode FENE-P calculations. The growth of extensional viscosity is much
slower during elasto-capillary thinning~solid line! due to a much smaller effective stretch rate.~b! Transient
extensional viscosities for all three SM Fluids@SM-1, De5 17.0 (s), De ' 2/3 ~d!; SM-2, De5 15.2 (h),
De ' 2/3 ~j!; SM-3, De5 21.2 ~n!, De ' 2/3 ~m!#.
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Tr 5
h̄app

h0
, ~23!

n

o

132 ANNA AND MCKINLEY
and the true Hencky strain« is given in Eq. ~1!. In Fig. 7~a!, the hollow symbols
correspond to experimental data for elasto-capillary thinning, and the solid curve corre-
sponds to the FENE-P simulation. The initial axial step stretch imposed on the filament
corresponds to a prestrain of«1 5 2ln(D0/D1) and is indicated by the horizontal offset in
the data. The experimentally measured and numerically computed midfilament diameter
data were both processed using the global fitting method described above. The validity of
the functional form of Eq.~22! is also verified by regressing it to the numerically com-
puted values ofDmid(t) and then using Eq.~21! to compute a transient extensional
viscosity. Direct comparison with the stresses computed from numerical integration of
Eqs.~10!–~15! yields quantitative agreement as expected.

The experimental and theoretical values for the apparent extensional viscosities ex-
tracted from elasto-capillary thinning agree well, which is consistent with the agreement
observed in Fig. 6. Finally, we also show in Fig. 7~a!by filled symbols the transient
Trouton ratio profiles for the SM-2 fluid experimentally measured in the filament stretch-
ing apparatus. These filament stretching data have been presented elsewhere as part of a
interlaboratory comparison of filament stretching devices@Anna et al. ~2000!#, and are
reproduced here for purposes of comparison. The experimental data terminate at a
Hencky strain of« ' 4 due to onset of an elastic endplate instability that peels the elastic
filament off the end fixtures of the device. The dashed curve in Fig. 7~a! shows the
theoretical prediction corresponding to the filament stretching data, as predicted by the
FENE-PM constitutive model@Wedgewoodet al. ~1991!#.

Although the transient extensional viscosities derived from the filament stretching and
filament thinning experiments do not appear to agree in Fig. 7~a!, the two curves do
approach nearly the same steady-state plateau value. The differences in the approach t
steady state can be understood by recognizing that therate of stretchingin each experi-
ment is very different. In the filament stretching experiment, the fluid filament is actively

deformed at a constant~and high!rateĖ, and for the data set presented here the dimen-

sionless stretch rate, or Deborah number, has a value of De[ lZĖ 5 15.2. As we
discuss in the companion paper, the operating range of the filament stretching device is
limited not only by mechanical constraints but also by the specific rheology of the dilute
solution being tested@Annaet al. ~2000!#. In particular, the rate of stretching must exceed
the rate of gravitational sagging such that De> Desag[ l1rgD0 /2h0. For the SM-2
fluid with plate diameters ofD0 5 3 mm this corresponds to De5 10.2.

In the filament thinning experiment, on the other hand, the kinematics are not imposed
and the fluid filament is initially rapidly deformed during the step stretch and then sub-
sequently allowed to select its own rate of necking. Although the instantaneous stretch
rate in a filament thinning experiment is, in general, time varying, at short and interme-
diate times the deformation rate given by the analytic solution@c.f. Eq. ~19!# is constant

with lZ«̇ 5 2/3. As Entov and Hinch~1997!explain, the deformation rate slightly ex-
ceeds the critical value for the coil–stretch transition in order for the viscoelastic stresses
to exactly balance the slowly increasing capillary pressure in the thread. The apparent
extensional viscosity is then found by substituting Eq.~19! into Eq. ~21! to give

Trapp 5
h̄app

h0
5 3S lZ s

2D1 h0
D expS t

3lZ
D. ~24!
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For ideal uniaxial elongational flow, the evolution in the stretch of a Hookean dumb-
bell is of the general formAzz ; Azz

0 exp@2«(121/(2De))#. For filament stretching ex-

periments at large imposed De5 l1Ė @ 1, the rate of increase in the extensional vis-
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133ELASTO-CAPILLARY THINNING AND BREAKUP
osity thus becomes Tr; exp(2«). This is much faster than the rate of increase expected
o be observed in elasto-capillary necking. Noting that the deformation rate is constant s

hat « [ «̇ t 5 2t/(3lZ) we thus find from Eq.~24! that Trapp; exp(«/2). These esti-
ates of the expected slopes are in excellent agreement with the measured self-thinni
ata. The small deviations between the data and the theoretical estimate at short tim
rises from gravitational sagging, axial nonuniformity, and other effects that cannot be
aptured in this one-dimensional theory.

In Fig. 7~b!we show the corresponding transient Trouton ratios for all three SM Boger
uids, including both filament thinning and filament stretching data. The trends in this
lot are the same as those observed in Fig. 7~a!. However, for the higher elasticity fluids,

he filament thinning data provide a more complete measure of the transient respons
han can be obtained from filament stretching experiments. Gravitational sagging an
lastic endplate instabilities prevent the filament stretching data from reaching a stead
tate plateau for the SM-2 and SM-3 fluids. Measurements of elasto-capillary thinning
rovide a way of extending the experimentally attainable operating space in order to
btain additional information about the extensional rheology of highly elastic fluids.

. The steady-state extensional viscosity

At long times, finite extensibility effects become important and both experiments and
heory show that the thread radius ultimately decreases linearly in time. This linea
ecrease at long times was also recently documented by Stelteret al. ~1999!. Consider-
tion of Eq.~21! shows that although the local stretching rate in the column diverges as

he breakup event is approached, the apparent extensional viscosity will approach a fini
teady-state value. The global fit to the transient midfilament diameter given in Eq.~22!
an be used to extract a value for this steady-state Trouton ratio for each SM Boger fluid
lthough a true steady-state value can be found from the asymptotic behavior of Eq.~22!
t late times, we report a ‘‘physical’’ steady-state value that corresponds to the maximum
encky strain achievable by a real fluid element. From a continuum mechanics stand
oint the radial extent of a fluid filament cannot realistically decrease below aboutD
; 50 nm in size~approximately the radius of gyration of a polystyrene chain!, and
ence the Hencky strain cannot realistically increase above about« ' 18. This maxi-
um Hencky strain is substituted into Eq.~22! and the corresponding maximum Trouton

atio is taken to be the steady-state Trouton ratio Tr`. The resulting values extracted from
ts to both experiments and simulations are given in Table III.

The molecular weight dependence of the steady-state Trouton ratio is examined in Fig
. In order to fairly compare the molecular weight scaling of Tr` with the behavior
redicted from bead-spring models, the solvent contribution is removed and the result
lotted as a dimensional extensional viscosity. Brownian dynamics simulations of bead
od and bead-spring chains and asymptotic analysis of approximate closed-form mode
uch as the FENE-PM chain show that in elongational flows the tensile stress at larg
trains is all carried by the longest relaxation mode@Doyle et al. ~1998!; Li et al.~2000!#.
he steady-state extensional viscosity can thus be written in the form

h̄`23hs 5 2nkTl1L
2~121/~2l1«̇ !1 . . . !, ~25!
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134 ANNA AND MCKINLEY
here l1 is the longest relaxation time constant in the fluid. The number density
5 cNA /Mw , the finite extensibilityL2, and the relaxation timel1 are all functions of

he molecular weight of the chain. For dilute solutions of linear monodisperse homopoly-
ers, we expect the molecular weight dependence of the variables in Eq.~25! to be

onsistent with Zimm-like behavior, and the polymeric contribution to the steady-state

xtensional viscosity should therefore scale as (h̄`23hs) ; Mw
n11 @Bird et al. ~1987!;

arson~1988!#. The value of the excluded volume exponent has been found from a linear
egression to the viscometric data for the SM fluids to ben 5 0.5360.015@Annaet al.

2001!#. Thus, we expect the extensional viscosity to scale as (h̄`23hs) ; Mw
1.53 to be

onsistent with the Zimm-like scaling observed in the linear viscoelastic data. Gupta and
o-workers~2000! have recently presented an extensive study of the shear and exten-
ional rheology of a series of dilute and semidilute monodisperse polystyrene solutions.
hen the polymer chains are close to their equilibrium configuration, linear viscoelastic
easurements were found to be well described by a Zimm spectrum of relaxation times.
owever, Gupta and co-workers also found that for chain conformations far from equi-

ibrium, the molecular weight dependence of the transient and steady-state extensional
iscosities measured in a filament stretching device was more consistent with a Rouse
ead-spring model. In the Rouse model, the steady-state extensional viscosity given in

q. ~25! is expected to scale as (h̄`23hs) ; Mw
2 .

The steady-state extensional viscosity values extracted from the filament thinning
xperiments are shown as hollow symbols in Fig. 8, with error bars corresponding to the
oise level in the diameter sensor at late times. The solid line shown in Fig. 8 corresponds

o the molecular weight dependence expected for Zimm-like scaling, while the dashed
ine corresponds to that of the Rouse model. A linear regression to the experimental data
or all three test fluids yields the following dependence on the polymer molecular weight:

h̄`23hs 5 ~6.461.1!31027Mw
(1.72060.010). ~26!

IG. 8. Values of the steady-state extensional viscosity extracted from elasto-capillary thinning experiments
s), as a function of polymer molecular weight. The solid and dashed lines show the predictions of the Zimm
nd Rouse theories, respectively. Also shown is the steady-state extensional viscosity for the SM-1 fluid,
xtracted from a filament stretching experiment~m!.
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The fitted scaling exponent lies inbetween the values expected for the Rouse and
Zimm models, suggesting that as the polymer molecules approach near full extension, the
hydrodynamic interaction of the polymer chains with the surrounding solvent may be
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135ELASTO-CAPILLARY THINNING AND BREAKUP
educed@Guptaet al. ~2000!#. Furthermore it is clear from Fig. 8 that the deviation from
imm scaling toward Rouse scaling becomes systematically more pronounced at very
igh molecular weight. Liet al. ~2000! discuss further possible mechanisms for this
ffect at very high molecular weights. Finally, the single solid symbol in Fig. 8 corre-
ponds to the steady-state extensional viscosity of the SM-1 fluid extracted from filament
tretching experiments@Anna et al. ~2000!#. This value agrees quantitatively with the
orresponding filament breakup value.

. CONCLUSIONS

In the present study, we have examined the dynamics of elasto-capillary thinning for
hree different model elastic liquids. The evolution in the midpoint diameter profile of
ecking and breaking fluid filaments was measured in a filament stretching device by
longating an initially cylindrical fluid filament to a predetermined Hencky strain and

hen monitoring the evolution inDmid(t) using a laser micrometer. After an initial tran-
ient relaxation of the viscoelastic stress associated with stretching the filament, the
idfilament diameter profiles of all three Boger fluid filaments are observed to decay
xponentially in time, in contrast to the linear evolution in the diameter of a Newtonian
uid filament. For elastic fluids with a spectrum of relaxation times that has been well
haracterized in linear viscoelastic measurements, we find that the relaxation time ex-
racted from measurements of elasto-capillary thinning agrees quantitatively with the
ongest~Zimm! time constant.

Recently, Kolte and Szabo~1999! have shown that incorporating radial gradients in
he axial stress of the formtzz ; k11k2r b ~wherek1 andk2 are constants!leads to a
eduction in the rate of necking such thatDmid(t) ; exp@2t/((31b)lZ)#. Conversely our

xperiments indicate that the longest time constantl̄ extracted from diameter data during
he intermediate elastic regime is in fact slightly less than the value oflZ extracted from
inear viscoelastic data. This would appear, from the analysis of Kolte and Szabo at least,
o indicate thatb , 0; however, a more likely explanation is that the evolution in the
iameter profile at intermediate times is still weakly affected by the shorter time con-
tantsl i 5 lZ / i 3n of the Zimm spectrum. Inspection of Eq.~8! shows these will always

erve to increase the slope ofDmid(t), and thus reduce the fitted value ofl̄. The theory
f Entov and Hinch~1997! ~appropriately modified to account for nonzero initial
tretches!and our experiments both show that as the molecular weight increases, the
imensionless time to breakupSalso increases. The extent of the ‘‘intermediate’’ elastic

egime increases concomitantly and the value ofl̄ should approachlZ ever more

losely. Indeed the data in Table III show that the relative error (lZ2l̄)/lZ decreases
rom 14% for SM-1 to 2% for SM-3. Numerical simulations exploring the effect of
spect ratio show that radial stress gradients become increasingly severe as the initia
spect ratioL0 decreases@Yao and McKinley~1998!#. The initial aspect ratio used in the
resent experiments wasL0 5 1, whereas Kolte and Szabo used a smaller value of

0 5 0.71.
The experimental diameter profiles are also compared with predictions computed us-

ng a multimode FENE-P dumbbell model and a force balance on the fluid filament that
ncludes viscous, elastic, and capillary forces. Only qualitative agreement is obtained
ith the predicted evolution in the filament diameter if the initial stresses are assumed to
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be zero; however, by using a nonzero estimate of the initial stresses, the evolution in the
midfilament diameters can be predicted almost quantitatively. This estimate of the initial
tensile stress difference can be based either on the tensile force measured experimentally
at the instant that stretching stops~if it is available!, or by using an analytic approxima-
t
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136 ANNA AND MCKINLEY
ion @c.f. Eq. ~18!# for the initial deformation of the polymer chains.
Finally, we show how the force balance on the fluid filament can be rearranged to

ompute an apparent extensional viscosity from the measured midfilament diameter pro
le. The resulting curves for the transient extensional viscosity approach the same steady
tate plateau as corresponding curves from filament stretching experiments. The transie
rowth of the extensional viscosities for the filament thinning and filament stretching
xperiments is consistent with asymptotic predictions corresponding to low and high
eformation rates, respectively. However, the dependence of the steady-state extension
iscosity on the molecular weight of the polymeric solute is not quite in agreement with
he scaling of the bead-spring constitutive equation when the Zimm model is used to
escribe the variation in the relaxation time and the polymeric contribution to the shear
iscosity. Instead, the molecular weight dependence lies inbetween the limiting curves
orresponding to Zimm-like behavior and Rouse-like behavior, suggesting that hydrody-
amic interaction is important for small deformations of the polymer molecules, but that

ree draining behavior may be enhanced as the polymer molecules become fully
tretched. For fluids with more complex topologies than the simple monodisperse ho-
opolymer solutions considered in the present work, the steady-state Trouton ratio will
lso depend on additional structural parameters such as the local backbone rigidity, th
egree of branching, or grafting density@see, for example, Stelteret al. ~1999!#.

Filament stretching and filament thinning experiments yield consistent and comple-
entary extensional rheological information about a viscoelastic fluid. The filament

tretching experiment imposes an extensional flow with a well-defined time scaleĖ21,

hereas in elasto-capillary thinning the necking filament selects a natural scaleĖ
; 2/(3l1). As a result, filament stretching data are somewhat easier to interpret; but, in
ractice, motor- and fluid-related constraints limit the useful operating space of the de-
ice. The filament breakup experiment, on the other hand, is relatively simple to perform,
ut more complicated to interpret. Through a detailed study of the behavior of model
uids in each device, we have shown that elasto-capillary thinning experiments can help
xtend the operating space of a filament stretching experiment and can yield usefu
uantitative information about the extensional rheology of a fluid. It is not possible to use

he dilute solution theory discussed above to interpret necking measurements for othe
iscoelastic test fluids such as concentrated solutions and melts without selecting unrea
onably low values of parameters such as the dumbbell extensibilityL. However, it is
lways possible to use Eqs.~18! and ~19! to compute an apparent extensional viscosity

or the material being tested.
This combined approach of using data obtained from both filament devices should also

rove useful in understanding the extensional behavior of other viscoelastic fluids. For
xample, transient extensional viscosity curves obtained in a filament stretching experi
ent are analogous to ‘‘tack’’ curves commonly used to characterize the behavior of
dhesives@Crosby and Shull~1999!#. The fibrils that subsequently form during peeling
nd failure of adhesives@Gay and Leibler~1999!are also similar to those observed in the
lament stretching rheometer at high strains and strain rates@Spiegelberg and McKinley
1996!; Fergusonet al. ~1997!#. Thus, filament stretching and thinning experiments are
xpected to be useful tests to help quantify the role of extensional rheology in adhesion
rocesses. We believe that a combined approach utilizing data from both devices will
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provide useful insight both for academic researchers interested in the extensional re-
sponse of model viscoelastic liquids, as well as for industrial researchers who need a
simple, yet quantitative probe of the extensional rheology of viscoelastic materials.
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