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Chapter 19. Randomized Algorithms

A More Realistic Analysis of Fisher-Yates Random Shuffling

In the analysis given earlier for the Fisher-Yates shuffling algorithm to generate
a random permutation, we assumed that the random(k) method, which returns a
random integer in the range [0, k — 1], always runs in O(1) time. If we are using a
random-number generator based on the use of unbiased random bits, however, this
is not a realistic assumption.

In a system based on using random bits, we would most naturally implement
the random(k) method by generating [log k| random bits, interpreting these bits as
an unsigned integer, and then repeating this operation until we got an integer in the
range [0, k — 1]. Thus, counting each iteration in such an algorithm as a “step,” we
could conservatively say that the random(k) method runs in 1 step with probability
1/2, 2 steps with probability 1/22, and, in general, in i steps with probability 1/2°.
That is, its running time is a geometric random variable with parameter

p:§.

Under this more realistic assumption, the running time of the Fisher-Yates ran-
dom permutation algorithm is proportional to the sum,

Y=V1+Yo+ Y, 1,

where each Y; is the number of steps performed in the ith call to the random
method. In other words, Y is the sum of n — 1 independent geometric random
variables with parameter p = 1/2, since the running times of the calls to the
random(k) method are independent. Thus, focusing on the steps used in calls
to this method, the expected running time of the Fisher-Yates algorithm is

E[Y]=2(n—1).

Given this information, we can use the Chernoff bound for a sum of independent
geometric random variables given in Theorem 19.15, with o = 2, to bound the
probability that the Fisher-Yates algorithm takes more than 4n steps as follows:

Pr(Y > 4n) < e "/,

Therefore, under this more realistic analysis, the Fisher-Yates algorithm runs in
O(n) time with high probability.
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R-19.12

R-19.13

R-19.14

Chapter 19. Randomized Algorithms

Suppose we have a six-sided die, which we roll n times, and let X denote the
number of times we role a 1.

(a) What is F[X]?
(b) Show that X < n/3 with high probability.

Draw an example skip list resulting from performing the following sequence
of operations on the skip list in Figure 19.18: remove(38), insert(8,z),
insert(24,y), remove(55). Assume the coin flips for the first insertion yield two
heads followed by tails, and those for the second insertion yield three heads fol-
lowed by tails.

Give a pseudocode description of the remove dictionary operation, assuming the
dictionary is implemented by a skip-list structure.

Creativity
C-19.1

C-19.2

C-19.3

C-194

C-19.5

Suppose that Bob wants a constant-time method for implementing the
random(k) method, which returns a random integer in the range [0, & — 1]. Bob
has a source of unbiased bits, so to implement random(k), he samples [log k]
of these bits, interprets them as an unsigned integer, K, and returns the value
K mod k. Show that Bob’s algorithm does not return every integer in the range
[0, k — 1] with equal probability.

Design a variation of Algorithm 19.2 (randomSort) that inserts the pairs (r;, ;)
into a balanced tree and calls itself recursively when r; is found to be equal to one
of the previously generated random values. Give pseudocode for this variation
of the algorithm and analyze its running time. Also, discuss its advantages and
disadvantages with respect to the original algorithm.

Design a variation of Algorithm 19.2 (randomSort) that begins by generating
distinct random values, ; (i = 1,---,n) and then sorts the pairs (r;,z;) .
Give pseudocode for this variation of the algorithm and analyze its running time.
Also, discuss its advantages and disadvantages with respect to the original algo-
rithm.

Consider a modification of the Fisher-Yates random shuffling algorithm where
we replace the call to random(k + 1) with random(n), and take the for-loop
down to 0, so that the algorithm now swaps each element with another element
in the array, with each cell in the array having an equal likelihood of being the
swap location. Show that this algorithm does not generate every permutation
with equal probability.

Hint: Consider the case whenn = 3.

Suppose you have a collection, .S, of n distinct items and you wish to select a ran-
dom sample of these items of size exactly [n!/?]. Describe an efficient method
for selecting such a sample so that each element in S has an equal probability of
being included in the sample.
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