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Preface

Multi—carrier modulation, Orthogonal Frequency Division Multi-
plexing (OFDM) particularly, has been successfully applied to
a wide variety of digital communications applications over the past
several years. Although OFDM has been chosen as the physical layer
standard for a diversity of important systems, the theory, algorithms,
and implementation techniques remain subjects of current interest.
This is clear from the high volume of papers appearing in technical
journals and conferences.

Multi-carrier modulation continues to evolve rapidly. It is hoped
that this book will remain a valuable summary of the technology, pro-
viding an understanding of new advances as well as the present core
technology.

The Intended Audience

This book is intended to be a concise summary of the present state of
the art of the theory and practice of OFDM technology. The authors
believe that the time is ripe for such a treatment. Particularly based
on one of the author’s long experience in development of wireless
systems (AB), and the other’s in wireline systems (BS), we have at-
tempted to present a unified presentation of OFDM performance and



xviii

implementation over a wide variety of channels.

It is hoped that this will prove valuable both to developers of such
systems and to researchers and graduate students involved in analysis
of digital communications.

In the interest of brevity, we have minimized treatment of more
general communication issues. There exist many excellent texts on
communication theory and technology. Only brief summaries of top-
ics not specific to multi-carrier modulation are presented in this book
where essential. As a background, we presume that the reader has a
clear knowledge of basic fundamentals of digital communications.

Highlights of the Second Edition

During the past few years since the publication of the first edition
of this text, the technology and application of OFDM has continued
their rapid pace of advancement. As a result, it became clear to us that
a new edition of the text would be highly desirable. The new edition
provides an opportunity to make those corrections and clarifications
whose need became apparent from continued discussions with many
readers. However, the main purpose is to introduce new topics that
have come to the forefront during the past few years, and to amplify
the treatment of other subject matter.

Because of the particularly rapid development of wireless systems
employing OFDM, we have introduced a section early in the text on
wireless channel fundamentals. We have extended and modified our
analysis of the effects of clipping, including simulation results that
have been reported in a recent publication. These new results are re-
stated here. A section on channel estimation has been added to the
chapter on equalization. The chapter on local area networks has been
greatly expanded to include the latest technology and applications.
Three totally new chapters are added, on OFDM multiple access tech-



Xix
nology, on ultra wideband technology and on WiMAX (IEEE 802.16).

Organization of This Book

We begin with a historical overview of multi-carrier communications,
wherein its advantages for transmission over highly dispersive chan-
nels have long been recognized, particularly before the development
of equalization techniques. We then focus on the bandwidth efficient
technology of OFDM, in particular the digital signal processing tech-
niques that have made the modulation format practical. Several chap-
ters describe and analyze the sub-systems of an OFDM implementa-
tion, such as clipping, synchronization, channel estimation, equaliza-
tion, and coding. Analysis of performance over channels with various
impairments is presented.

The book continues with descriptions of three very important and
diverse applications of OFDM that have been standardized and are
now being deployed. ADSL provides access to digital services at sev-
eral Mbps over the ordinary wire-pair connection between customers
and the local telephone company central office. Digital Broadcasting
enables the radio reception of high quality digitized sound and video.
A unique configuration that is enabled by OFDM is the simultaneous
transmission of identical signals by geographically dispersed trans-
mitters. And, the new development of wireless LANs for multi-Mbps
communications is presented in detail. Each of these successful appli-
cations required the development of new fundamental technology.

Finally, the book concludes with describing the OFDM based mul-
tiple access techniques, ultra wideband technology and WiMAX.
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Chapter 1

Introduction to Digital
Communications

1.1 Background

he physical layer of digital communications includes mapping of

digital input information into a waveform for transmission over
a communication channel and mapping of the received waveform into
digital information that hopefully agrees with the original input since
the communication channel may introduce various forms of distortion
as well as noise [3].

The simplest form of such communication, as least conceptually,
is Pulse Amplitude Modulation (PAM), shown in Figure 1.1. Here the
transmitted waveform is of the form

s(t) = Zang(t —nT) (L.1)

where the information to be transmitted is given by the sequence of
a,8, 1T is the symbol rate, and g(t) is the impulse response of the
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L i w3l Serial/Parallel

Stream *
Map P{ Filter
Noise
Channel
Filter |=»{ Sample & Quantize |=§ Parallel/Serial Data Out
C}?ck

Figure 1.1: A basic PAM system

transmit filter, usually low-pass. The a,s are chosen from an alphabet
of size L, so the bit rate is %logzL. It is desirable that the alphabet be
both zero mean and equally spaced. The values of a,, can be written

as

{-A(L-1),...,—-AA,... A(L-1)}. (1.2)
Assuming the a,$ are equiprobable, the transmitted power is
L2—-1 >
AP 2(t)dt. 1.3
T /_ 9 ) (1.3)

At the receiver, the signal is filtered by 7(¢) , which may include
an adaptive equalizer (sampled), and the nearest permitted member of
the alphabet is output. In order to avoid inter-symbol interference, it
is desirable that z(t) = g(¢t) * h(t) * r(¢t) = 0 forall t = kT, k an
integer # 0, where A(t) is the channel impulse response. This is the
Nyquist criterion, which is given in the frequency domain by:
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ZX(f+%)=const (1.4)

The minimum bandwidth required is 1/27 . This is met by a fre-
quency response that is constant for —1/2T < f < 1/2T, whose
corresponding time response is

N = sin(nt/T)

z(t) W (1.5)

Some excess bandwidth, denoted by the roll-off factor, is desirable in
order for the time response to decay more quickly. Note that r(¢) is not
a matched filter, because it must satisfy the inter-symbol interference
constraint.

If 7(¢) has gain such that the alphabet levels of z(0) are also spaced
by 2A, then errors will occur when the noise at the sampler satisfies
|n| > A for interior levels, orn > A orn < —A for the outer levels. If
the noise is Gaussian with power spectral density N(f) at the receiver
input, then the noise variance is:

= [ " N()IR()Pdf (1.6)

—00

and the error probability per symbol is

. 2(L-1) é
Pe—————L Q(J), (1.7)
where { o
- —-y2/2
Q(z) T /m eV /2dy (1.8)

is the normal error integral.

PAM is only suitable over channels that exist down to, but might
not necessarily include, zero frequency. If zero frequency is absent, a
modulation scheme that puts the signal spectrum in the desired fre-
quency band is required. Of particular interest, both in its own right
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Map Filter Modulate
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Figure 1.2: A basic QAM system

and as a component of OFDM, is Quadrature Amplitude Modulation
(QAM). The simplest form of QAM, shown in Figure 1.2, may be
thought of as two PAM signals, modulated by carriers at the same fre-
quency but 90 degrees out of phase. At the receiver, demodulation by
the same carriers separates the signal components. Unlike some other
modulation schemes, such as FM, QAM is bandwidth efficient in that
it requires the same bandwidth as a PAM signal of the same bit rate.
Furthermore, the performance of QAM in noise is comparable to that
of PAM. The QAM line signal is of the form

Z ang(t — nT)coswt — Z bng(t — nT')sinwt. (1.9)

n

This line signal may also be written in the form of:

Re{z cag(t — nT)e?™*}, (1.10)
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Figure 1.3: A QAM constellation

where the pair of real symbols @, and b, are treated as a complex
symbol ¢, = a, + jb,. The required bandwidth for transmitting such
complex symbols is 1/7. The complex symbol values are shown as a
“constellation” in the complex plane. Figure 1.3 shows the constella-
tion of a 16-point QAM signal, which is formed from 4-point PAM.

It is not necessary that the constellation be square. Figure 14
shows how input information can be mapped arbitrarily into constel-
lation points. A constellation with a more circular boundary provides
better noise performance. By grouping n successive complex symbols
as a unit, we can treat such units as symbols in 2n-dimensional space.
In this case, Figure 14 can be extended to include a large enough
serial-to-parallel converter that accommodates the total number of bits
in n. symbols, and a look-up table with 27 outputs.

1.2 Evolution of OFDM

The use of Frequency Division Multiplexing (FDM) goes back over a
century, where more than one low rate signal, such as telegraph, was
carried over a relatively wide bandwidth channel using a separate car-
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Address

Y
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Figure 1.4: General form of QAM generation

rier frequency for each signal. To facilitate separation of the signals at
the receiver, the carrier frequencies were spaced sufficiently far apart
so that the signal spectra did not overlap. Empty spectral regions be-
tween the signals assured that they could be separated with readily
realizable filters. The resulting spectral efficiency was therefore quite
low.

Instead of carrying separate messages, the different frequency car-
riers can carry different bits of a single higher rate message. The
source may be in such a parallel format, or a serial source can be
presented to a serial-to-parallel converter whose output is fed to the
multiple carriers.

Such a parallel transmission scheme can be compared with a sin-
gle higher rate serial scheme using the same channel. The parallel
system, if built straightforwardly as several transmitters and receivers,
will certainly be more costly to implement. Each of the parallel sub-
channels can carry a low signalling rate, proportional to its bandwidth.
The sum of these signalling rates is less than can be carried by a sin-
gle serial channel of that combined bandwidth because of the unused
guard space between the parallel sub-carriers. On the other hand, the
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single channel will be far more susceptible to inter-symbol interfer-
ence. This is because of the short duration of its signal elements and
the higher distortion produced by its wider frequency band, as com-
pared with the long duration signal elements and narrow bandwidth
in sub-channels in the parallel system.

Before the development of equalization, the parallel technique was
the preferred means of achieving high rates over a dispersive chan-
nel, in spite of its high cost and relative bandwidth inefficiency. An
added benefit of the parallel technique is reduced susceptibility to
most forms of impulse noise.

The first solution of the bandwidth efficiency problem of multi-
tone transmission (not the complexity problem) was probably the Kine-
plex system. The Kineplex system was developed by Collins Radio
Co. [4] for data transmission over an H.F. radio channel subject to se-
vere multi-path fading. In that system, each of 20 tones is modulated
by differential 4-PSK without filtering. The spectra are therefore of
the sin(kf)/f shape and strongly overlap. However, similar to mod-
ern OFDM, the tones are spaced at frequency intervals almost equal
to the signalling rate and are capable of separation at the receiver.

The reception technique is shown in Figure 1.5. Each tone is de-
tected by a pair of tuned circuits. Alternate symbols are gated to one
of the tuned circuits, whose signal is held for the duration of the next
symbol. The signals in the two tuned circuits are then processed to
determine their phase difference, and therefore the transmitted infor-
mation. The older of the two signals is then quenched to allow input
of the next symbol. The key to the success of the technique is that the
time response of each tuned circuit to all tones, other than the one to
which it is tuned, goes through zero at the end of the gating interval,
at which point that interval is equal to the reciprocal of the frequency
separation between tones. The gating time is made somewhat shorter
than the symbol period to reduce inter-symbol interference, but ef-
ficiency of 70% of the Nyquist rate is achieved. High performance
over actual long H.F. channels was obtained, although at a high im-
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Gate

|
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Figure 1.5: The Collins Kineplex receiver

plementation cost. Although fully transistorized, the system required
two large bays of equipment.

A subsequent multi-tone system [5] was proposed using 9-point
QAM constellations on each carrier, with correlation detection em-
ployed in the receiver. Carrier spacing equal to the symbol rate pro-
vides optimum spectral efficiency. Simple coding in the frequency do-
main is another feature of this scheme. The above techniques do pro-
vide the orthogonality needed to separate multi-tone signals spaced by
the symbol rate. However the sin(kf)/ f spectrum of each component
has some undesirable properties. Mutual overlap of a large number of
sub-channel spectra is pronounced. Also, spectrum for the entire sys-
tem must allow space above and below the extreme tone frequencies
to accommodate the slow decay of the sub-channel spectra. For these
reasons, it is desirable for each of the signal components to be ban-
dlimited so as to overlap only the immediately adjacent sub-carriers,
while remaining orthogonal to them. Criteria for meeting this objec-
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cosw,t
:{ Gate » Filter » Mod
»| Gate —>! Fiter |-—>-{ Mod
sin w,t
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A f S
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Figure 1.6: An early version of OFDM

tive is given in References [6] and [7].

In Reference [8] it was shown how bandlimited QAM can be em-
ployed in a multi-tone system with orthogonality and minimum car-
rier spacing (illustrated in Figure 1.6). Unlike the non-bandlimited
OFDM, each carrier must carry Staggered (or Offset) QAM, that is,
the input to the / and Q modulators must be offset by half a symbol
period. Furthermore, adjacent carriers must be offset oppositely. It is
interesting to note that Staggered QAM is identical to Vestigial Side-
band (VSB) modulation. The low-pass filters g(t) are such that G*( f),
the combination of transmit and receive filters, is Nyquist, with the
roll-off factor assumed to be less than 1.
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Real component of an OFDM signal Imaginary component of an OFDM
signal
I I T T T T

Q\"‘“}/\f\ f \ ;’(\a‘ ]

VARV, T TAS Wi
R I Y :

A

Figure 1.7: OFDM modulation concept: Real and Imaginary compo-
nents of an OFDM symbol is the superposition of several harmonics
modulated by data symbols
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Figure 1.8: Spectrum overlap in OFDM

The major contribution to the OFDM complexity problem was the
application of the Fast Fourier Transform (FFT) to the modulation
and demodulation processes [9]. Fortunately, this occurred at the same
time digital signal processing techniques were being introduced into
the design of modems. The technique involved assembling the input
information into blocks of N complex numbers, one for each sub-
channel. An inverse FFT is performed on each block, and the resultant
transmitted serially. At the receiver, the information is recovered by
performing an FFT on the received block of signal samples. This form
of OFDM is often referred to as Discrete Multi-Tone (DMT). The
spectrum of the signal on the line is identical to that of N separate
QAM signals, at N frequencies separated by the signalling rate. Each
such QAM signal carries one of the original input complex numbers.
The spectrum of each QAM signal is of the form sin(kf)/f, with
nulls at the center of the other sub-carriers, as in the earlier OFDM
systems, and as shown in Figure 1.8 and Figure 1.9.
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-,

Figure 1.9: Spectrum of OFDM signal

A block diagram of a very basic DMT system is shown Figure 1.10.
Several critical blocks are not shown. As described more thoroughly
in Chapter 2, care must be taken to avoid overlap of consecutive trans-
mitted blocks, a problem that is solved by the use of a cyclic prefix.
Another issue is how to transmit the sequence of complex numbers
from the output of the inverse FFT over the channel. The process is
straightforward if the signal is to be further modulated by a modulator
with 7 and Q inputs.

Otherwise, it is necessary to transmit real quantities. This can be
accomplished by first appending the complex conjugate to the original
input block. A 2N-point inverse FFT now yields 2N real numbers to
be transmitted per block, which is equivalent to N complex numbers.

The most significant advantage of this DMT approach is the ef-
ficiency of the FFT algorithm. An N-point FFT requires only on the
order of NlogN multiplications, rather than N? as in a straightfor-
ward computation. The efficiency is particularly good when N is a
power of 2, although that is not generally necessary. Because of the
use of the FFT, a DMT system typically requires fewer computations
per unit time than an equivalent single channel system with equaliza-
tion. An overall cost comparison between the two systems is not as
clear, but the costs should be approximately equal in most cases. It
should be noted that the bandlimited system of Figure 1.6 can also
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Figure 1.10: Very basic OFDM system

be implemented with FFT techniques [10], although the complexity
and delay will be greater than DMT. Over the last 20 years or so,
OFDM techniques and, in particular, the DMT implementation, has
been used in a wide variety of applications [64]. Several OFDM voice-
band modems have been introduced, but did not succeed commer-
cially because they were not adopted by standards bodies. DMT has
been adopted as the standard for the Asymmetric Digital Subscriber
Line (ADSL), which provides digital communication at several Mbps
from a telephone company central office to a subscriber, and a lower
rate in the reverse direction, over a normal twisted pair of wires in
the loop plant. OFDM has been particularly successful in numerous
wireless applications, where its superior performance in multi-path
environments is desirable. Wireless receivers detect signals distorted
by time and frequency selective fading. OFDM in conjunction with
proper coding and interleaving is a powerful technique for combating
the wireless channel impairments that a typical OFDM wireless sys-
tem might face, as is shown in Figure 1.11. A particularly interesting
configuration, discussed in Chapter 10, is the Single Frequency Net-
work (SFN) used for broadcasting of digital audio or video signals.
Here many geographically separated transmitters broadcast identical
and synchronized signals to cover a large region. The reception of
such signals by a receiver is equivalent to an extreme form of multi-
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Figure 1.11: A typical wireless OFDM architecture

path. OFDM is the technology that makes this configuration viable.

Another wireless application of OFDM is in high speed local area
networks (LANSs). Although the absolute delay spread in this environ-
ment is low, if very high data rates, in the order of many tens of Mbps,
is desired, then the delay spread may be large compared to a symbol
interval. OFDM is preferable to the use of long equalizers in this ap-
plication. It is expected that OFDM will be applied to many more new
communications systems over the next several years.



Chapter

System Architecture

his chapter presents a general overview of system design for multi-

carrier modulation. First, a review of wireless channels are dis-
cussed. Second, fundamentals of digital communication is cited and
finally, the major system blocks of OFDM is analyzed.

2.1 Wireless Channel Fundamentals

Wireless transmission uses air or space for its transmission medium.
The radio propagation is not as smooth as in wire transmission since
the received signal is not only coming directly from the transmitter,
but the combination of reflected, diffracted, and scattered copies of
the transmitted signal. It is interesting and rewarding to examine the
effects of propagation to a radio signal since consequences determine
data rate, range, and reliability of the wireless system.

Reflection occurs when the signal hits a surface where partial en-
ergy is reflected and the remaining is transmitted into the surface. Re-
flection coefficient, the coefficient that determines the ratio of reflec-
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Reflection

Diffraction

Figure 2.1: Wireless propagation

tion and transmission, depends on the material properties. Diffrac-
tion occurs when the signal is obstructed by a sharp object which de-
rives secondary waves. Scattering occurs when the signal impinges
upon rough surfaces, or small objects. Received signal is sometimes
stronger than the reflected and diffracted signal since scattering spreads
out the energy in all directions and consequently provides additional
energy for the receiver which can receive more than one copies of the
signal in multiple paths with different phases and powers. Figure 2.1
illustrates the propagation mechanisms [2].

Models play an important role in the designs of wireless com-
munication systems. There are key modelling parameters that help
to characterize a wireless channel: path loss, delay spread, coherence
bandwidth, doppler spread, and coherence time.

2.1.1 Path Loss

The average received power diminishes with the distance. In free space
when there is a direct path between transmitter and receiver and when
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there are no secondary waves from the medium objects, the received
power is inversely proportional to square of the carrier frequency and
square of the distance. If Pgr and Pr are the received and transmitted
powers respectively, the following relation describes free space prop-

agation [1],
G PT
Pp ot ———— 2.1

R f2 * da; ( )
where f is the carrier frequency, d is the distance between transmit-
ter and receiver, G is the power gain from the transmit and receive
antennas, & = 2 is the path loss component and path loss is defined
as Pp/Ppg. One can infer from the equation that the larger the carrier

frequency the smaller the operating range.

When there is clutter in the medium, it is not easy to determine
the received signal since now the direct path component is added with
the multipath components at the receiver. Adopted method is to use a
model that is derived from analytical and empirical methods. A good
model is a model that obeys the theoretical findings and test results.

2.1.2 Shadowing

Signal power attenuates randomly with distance when the medium in-
cludes obstructions. Equation 2.1 is not enough to describe the real
environment since Equation 2.1 gives the same path loss to the dif-
ferent receivers having the equal distance apart from the transmitter.
However, if the two locations have different surroundings then the
variations in the signal should be different. This behavior is called
shadowing. Measurements indicate that the path loss is random and
distributed log-normally. Modified version of Equation 2.1 for indoor
path loss is called log normal shadowing and follows the formula,

PL(dB) = PL(d,) + 10alogyo(d/do) + X, (2.2)

where d, is the reference distance and X, is a zero mean Gaussian
random variable with a standard deviation ¢. ¢ and « are determined
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Figure 2.2: Received signal versus distance © [1]

from measured data.

A typical situation is depicted in Figure 2.2. The figure is useful
to understand the difference between path loss, shadowing and flat
fading, which is described in the following section.

2.1.3 Fading Parameters

One of the most intriguing aspect in wireless communication is fad-
ing which is present when there are multipath components. Multipath
components arrive at the receiver at slightly different times. If there is
movement in the system then there is also phase difference between
the received components which leads to shift in the frequency. These
multiple received copies apply constructive or destructive interference
to the signal and create a standing wave pattern that shows rapid signal
strength changes, frequency shifts or echoes.
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Multipath propagation, movement and bandwidth are the factors
that influence the fading. Multipath delay nature of the channel is
quantified by delay spread and coherence bandwidth. The time-varying
nature of the channel caused by movement is quantified by doppler
spread and coherence time.

/ Delay Spread:

The reflected parts arrive later than the original signal to the re-
ceiver. RMS delay spread (o) is the metric to characterize this
delay in terms of second order moment of the channel power
profile. Typical values are on the order of microseconds in out-
door and on the order of nanoseconds in indoor radio channels
[2]. Depending on the symbol duration (7}), o, plays an impor-
tant role to find out how the signal is treated by the channel.

v/ Coherence Bandwidth:

The channel power profile is coupled with channel frequency
response through Fourier transform. Coherence bandwidth (B,)
is used to quantify the channel frequency response and it is
inversely proportional to RMS delay spread. Coherence band-
width is used to measure how flat the channel bandwidth is.
Flatness is described as the close correlation between the two
frequency components. This is important since a signal having
a larger bandwidth (Bs) than B, is severely distorted. For a 0.9
correlation B, =~ 1/500, [2].

v/ Doppler Shift:

Movement causes shift in the signal frequency. When the sta-
tions are moving, the received signal frequency is different than
the original signal frequency. Doppler shift is defined as the
change in the frequency.

Suppose a mobile is moving at velocity v as in Figure 2.3. The
difference in path length of received signals is { = d cos § where
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Figure 2.3: Doppler effect

d = v/At. The phase change is
2l

Ad = (2.3)
and Doppler shift is given by
1 Ap v
=—, = -, 4
Ja= 50 A = 5 o? (24)

From the Equation 2.4, one can see that if the movement is to-
ward the signal generator, the doppler shift is positive otherwise
it is negative [2].

v/ Doppler Spread:

A channel shows a time varying nature when there is a move-
ment in either the source or destination or even objects in the
middle. Doppler spread (Bp) is the measure of maximum broad-
ening of the spectrum due to Doppler shift. Thereby Bp is f,, =
v/ A where f,, is the maximum Doppler shift.
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v/ Coherence Time:

The time domain dual of Doppler spread is coherence time (77)
where T, =~ 1 / fm Coherence time identifies the time period
wherein two received signal have high amplitude correlation.

v/ Coherence Distance:

Coherence distance gives a measure of a minimum distance be-
tween points in space for which the signal are uncorrelated.
This distance is important for multiple antenna systems. It is
0.5 wavelength for wide beamwidth receive antennas and about
10 and 20 wavelengths for low-medium and high BTS antenna
heights, respectively [141].

2.1.4 Flat Fading

Delay spread and coherence bandwidth are independent from Doppler
spread and coherence time. The signal goes toflat fading if the chan-
nel bandwidth is greater than the signal bandwidth (B, > B,). Spec-
tral shape of the signal remains but the gain changes. Narrow band
signals fall into this category since their bandwidth is small as com-
pared to the channel bandwidth. Flat fading channels bring challenges
such as variation in the gain and in the frequency spectrum. Distortion
in the gain may cause deep fades thereby requiring significant increase
in the power in some frequencies. Destructive interferences may cause
deep nulls in the signal power spectrum which is a particular problem
for narrow band signals since any null in a frequency may cause lost
of the signal.

There are various ways to reduce the fading distortion [1]. Diver-
sity is one way which leverages multiple independent channels. Since
the channels are independent they have lower probability to experi-
ence fades at the same time. Space diversity is one of the most efficient
diversity technique compared to time or frequency. Multiple slightly
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separated antennas in space are used to create independent paths to
achieve uncorrelated channels.

Coding is another way which spreads the signal power among the
bandwidth and lessens the power allocated in the null frequencies. As
a result, loss occurs in the smaller portion of the signal power.

Another method is chopping the bandwidth into small bandwidths
as in orthogonal frequency division multiplexing (OFDM). In each
subcarrier small portion of the code is sent. Thus, if there is a loss in a
subcarrier then it is recoverable since it corresponds to the small part
of the code.

2.1.5 Frequency Selective Fading

If channel bandwidth is smaller than the signal bandwidth then the
channel creates frequency selective fading. Spectral response of a ra-
dio signal will show dips due to the multipath. Channel bandwidth
limits the signal bandwidth which leads to overlapping of the succes-
sive symbols in the time domain due to the convolution (o, > Tj).
Overall symbol duration becomes more than the actual symbol dura-
tion. This phenomenon is called intersymbol interference (ISI).

There are several ways to combat ISI [1]. Equalization is one way
that tries to invert the effects of the channel. In OFDM, each subcarrier
undergoes flat fading since its bandwidth is less than the coherence
bandwidth. Therefore ISI is eliminated within an OFDM symbol but
OFDM symbols may overlap in time. A portion of the OFDM symbol,
larger than the coherence bandwidth, is appended to the symbol to
overcome the ISI between symbols. Equalization is simple in OFDM
since each subcarrier only needs a one tap equalizer.
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2.1.6 Fast Fading

Channel bandwidth may also change due to movement. Fast fading
occurs if the coherence time is smaller than the symbol duration of
the signal (T > T.). The channel becomes time varying and within
a symbol duration rapid changes occur in impulse response of the
channel. Low data rates is vulnerable to fast fading since the symbol
duration is wide in low data rates.

2.1.7 Slow Fading

If the signal bandwidth is much higher than the Doppler spread (B, >
By) then the shift in the frequency due to Doppler shift is insignificant.
This is called slow fading and the channel impulse response changes
slowly.

Figure 2.4 shows a table that summarizes the relationship between
fading parameters and signal. As it can be seen from the figure there
are two independent effects that classify the wireless channel: multi-
path and movement which are quantified by Delay spread and Doppler
spread respectively.

2.1.8 Rayleigh Fading

Constructive and destructive nature of multipath components in flat
fading channels can be approximated by Rayleigh distribution if there
is no line of sight which means when there is no direct path between
transmitter and receiver. The Rayleigh distribution is basically the
magnitude of the sum of two equal independent orthogonal Gaussian
random variables and the probability density function (pdf) is given
by
T 2

p(r) == e 22 0 <r < oo (2.5)
o
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Figure 2.5: A flat fading channel where f, is sampling frequency

where ¢? is the time-average power of the received signal [2].

Figure 2.5 depicts a flat fading channel where the amplitude of
each multipath component is created by a Rayleigh distribution.

2.1.9 Ricean Fading

When there is line of sight, direct path is normally the strongest com-
ponent goes into deeper fade compared to the multipath components.
This kind of signal is approximated by Ricean distribution. As the
dominating component run into more fade the signal characteristic
goes from Ricean to Rayleigh distribution.

The Ricean distribution is given by

r2 2
p('r') = —%6.—&—2}?_) [O(—A—;) fO’f'(A > O,T' > O) (26)
ag ag
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where A denotes the peak amplitude of the dominant signal and /,(.)
is the modified Bessel function of the first kind and zero-order [2].

2.1.10 Distortions for Wireless Systems

Wireless systems are heavily dependent on the wireless environment.
Radio receivers should be able to combat the detrimental effects of
the multipath channel. Typical distortions that wireless systems face
are listed below.

AWGN (receiver thermal noise)

Receiver carrier frequency and phase offset
e Receiver timing offset
e Delay spread

e Fading

Co-channel and adjacent channel interference

Non-linear distortion, impulse noise

2.1.11 Diversity Techniques in a Fading Environment

Diversity techniques are important to cope with fading environment
as well as coding. It tries to provide the receiver with multiple fade
replicas of the same information bearing signal. If there are L inde-
pendent replicas and if the p denote the outage probability then overall
probability is p¥ which is less than p. Diversity gain is at the highest
when the diversity branches are uncorrelated. Some of the techniques
are listed below and will be explained in detail in the subsequent chap-
ters.



2.2. Digital Communication System Fundamentals 27

v/ Frequency Diversity: Multiple channels are separated by more
than the coherence bandwidth. Using RAKE receiver, OFDM,
equalization are possible techniques for frequency diversity. It
can not be used over frequency-flat channel.

+/ Time Diversity: Channel coding, interleaving are possible tech-
niques but it is not effective over slow fading channels.

v/ Space Diversity: Using multiple antennas for space diversity
is efficient, coherent distance plays an important role for the
selection of places of the antennas.

v/ Angle/Direction Diversity: Antennas with different polariza-
tions/directions can be used for reception and transmission.

Notes

Wireless channels are studied in many books and articles, for a brief
tutorial see [1] and detailed information can be found in [2].

2.2 Digital Communication System Funda-
mentals

The digital communication systems are composed of a transmitter, a
receiver and the channel. The transmitter accepts input bits. If the ini-
tial source is analog, it is inverted to bit stream by an analog-to-digital
(A/D) converter. The A/D converter samples and quantizes the contin-
uous signal and assigns a binary number within a set. The sampling
interval is determined by the Nyquist rate which states that in order to
recover the signal, the sampling rate should be bigger than equal 2W
where W is the bandwidth of the signal.
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2.2.1 Coding

Source coding is used to reduce the redundancy in binary data to ob-
tain a compressed version. An information theoretic channel is shown
in Figure 2.7.

The concept of entropy defines the average information contained
in a signal. The measure of entropy is the average uncertainty in the
random variable. If log p(z;) is the uncertainty /(z;) for a given dis-
crete alphabet, then the entropy H(X) is defined for an alphabet 2
as

H(X) = BE{I(z;)} = — Zp(aa-) log, p(z;) Q.7

if M is the cardinality of the discrete alphabet set, then H is bounded
by 0 < H(X) < logy M since the maximum uncertainty is achieved
if the random variable is uniformly distributed (p(z;) = 1/M). The
entropy of a random variable is the lower bound that can be achieved
in data compression.

The expected length L = > . p(z;){(z;) of the signal is constrained
by H < L where l(mi) is the length of code word of z,. The basic idea
of data compression is assigning short code words to the most fre-
quent outcomes.
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In a communication systems, the transmitted symbols X are sub-
ject to change due to the channel impairments. As a result, the re-
ceived symbols Y are not exactly the same as X. The channel capac-
ity which is defined as the maximum achievable data rate is closely
connected to the mutual information between X and Y.

Mutual information /(X, Y) is a measure of the correlation be-
tween two random variables [16].

IX,Y) = H(X) - HXIY) = 3 plas,35) 1og }}(’%5’(’?/—)) 28

This measure is necessary since it is the mean of information ca-
pacity C in communication. Capacity is defined as C = mazy,) =
I(X;Y) and Shannon states that all rates up to C are reliable.

Channel coding is essential to introduce code words that have
data rate R less than equal to C. Unlike data compression, the chan-
nel coding introduces controllable redundancy to the transmitted data.
Block, convolutional, and trellis coding are described in detail and is-
sues about concatenated and turbo coding are cited intensely in Chap-
ter 7.

The combination of source coding (H < R = L) and channel
coding (R < C) define the reliable communication system [16].

2.2.2 Modulation

Modulation of a signal changes binary bits into an analog waveform.
Modulation can be done by changing the amplitude, phase, and fre-
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quency of a sinusoidal carrier. There are several digital modulation
techniques used for data transmission. We will review the ones that
are basic or frequently used and appropriate for OFDM. The nature
of OFDM only allows the signal to modulate in amplitude and phase.
There can be coherent or non-coherent modulation techniques. Un-
like non-coherent modulation, coherent modulation uses a reference
phase between the transmitter and the receiver which brings accurate
demodulation together with receiver complexity.

Each of these classes can be represented as M-ary modulation
which is the general representation of all modulation schemes. One
of M possible signals can be sent in M-ary signalling schemes for a
duration 7. When M = 2 then the modulation scheme reduces to the
binary modulation of its kind [18].

Coherent Modulation

Amplitude Shift Keying (ASK), Phase Shift Keying (PSK), Quadrature-
Amplitude Modulation (QAM) are appropriate coherent modulation
techniques for OFDM.

1. M-ary ASK
Amplitude Shift Keying (ASK) carry information in amplitude.
In a given set of {Ay, -, Ap}, thesignal s; is

s5i(t) = A; coswt (2.9)

The 2-ASK also known as BPSK is a famous modulation tech-

nique which is being widely used. If E is the signal energy
per symbol, then the constellation points reside at v/2E /T and

—\/2E]T.

2. M-ary PSK
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M-ary PSK shifts the phase for different constellations given
a constant amplitude. There are M possible signals which has
6; = 2(i — 1)/M phases, each signal is placed on a circle and
represented as

2F 2w
ilt) =\ = cbt+=—(i— y 1=1,2,-, .
si(t) = 4/ 7 cos(27rft+M(z D), i=1,2 M (2.10)

Notice that 2-PSK is again BPSK.

3. M-ary QAM

M-ary QAM is a hybrid scheme which has amplitude modula-
tion as well as a phase modulation. The M signals are repre-

sented as
2E, 2F

si(t) =4/ —T—Oaz- cos(27 fet) + 4/ —]—,Qbi cos(2mfet), 0<t < T
(2.11)

{as,b;} is an element of the L-by-L matrix:

(~-L+1,L-1) (-L+3,L-1) --- (L-1,L-1)

(-L+1,L-3) (-L+3,L-3) .- (L-1,L-3)

(-L+1,-L+1) (-L+3,-L+1) -+ (L-1,-L+1)
(2.12)

where L = v M [18].

The case for M = 4 is same as 4-PSK which is also known as
Quadrature-PSK (QPSK).
Non-coherent Modulation

IEEE 802.11 and HIPERLAN/2 uses coherent modulation, but low
data rate systems such as Digital Audio Broadcasting (DAB) prefers
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non-coherent modulation. Non-coherent modulation is useful when
there is no knowledge of the carrier phase. It simplifies the receiver
structure since there is no need for channel estimation, carrier or phase
tracking.

Differential techniques are very common in non-coherent modula-
tion. The data is encoded in phase or amplitude which is the difference
between phases or amplitudes of two consecutive symbols.

Differential-PSK which is used in DAB carry the data in phase
difference of two M-PSK modulated signals,

s;(t) = Acos(wt + AB) (2.13)

where A;0 = 6, — 0,_;.

Differential detection uses two consecutive symbols and calcu-
lates 8;_1 + Af = 0; which gives a signal that needs to be PSK de-
modulated.

2.3 Multi-Carrier System Fundamentals

Let [Dq, D1, ..., Dy—1] denote data symbols which is where D, =
s;(t) fori € {1,---, M}. Digital signal processing techniques, rather
than frequency synthesizers, can be deployed to generate orthogonal
sub-carriers. The DFT as a linear transformation maps the complex
data symbols [Dy, Dy, ..., Dx_1] to OFDM symbols [dg, d1, ..., dn—1]
such that

N-1
dy =Y Dpel®™% (2.14)
n=0

The linear mapping can be represented in matrix form as:

d=WD, (2.15)
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where: . -
! 1
|44 wh-1
W _ 1 w2 W2(N 1) (216)
, N-1 N:N—
1w WNIN=L
and, N
W =¢e7% (2:17)

W is a symmetric and orthogonal matrix. After FFT, a cyclic pre/postfix
of lengths k; and ks will be added to each block (OFDM symbol)
followed by a pulse shaping block. Proper pulse shaping has an im-
portant effect in improving the performance of OFDM systems in the
presence of some channel impairments, and will be discussed in Chap-
ter 5. The output of this block is fed into a D/A at the rate of f, and
low-pass filtered. A basic representation of the equivalent complex
baseband transmitted signal is

—~1
- Z{Dneﬁ”%fﬁ} (2.18)
for ke Nk
—}—<t< }r 2 (2.19)

A more accurate representation of OFDM signal including windowing
effect is

oo Naky N—1

)=y Y Z{Dnleﬂ”N’“}w(t———lT) (2.20)

l=- o0 k=—k; n=0

D, represents the n'* data symbol transmitted during the {** OFDM
block, ' = (N + ki + k2)/ fs is the OFDM block duration, and w(t)
is the window or pulse shaping function. The extension of the OFDM
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block is equivalent to adding a cyclic pre/postfix in the discrete do-
main. The received signal for a time-varying random channel is

r(t) = / ” z(t — 7)h(t, 7)dT + n(t). 2.21)

The received signal is sampled at ¢ = }k: fork = {—kq,..., N+ko—1}.
With no inter-block interference, and assuming that the windowing
function satisfies w(n — 1) = dy, the output of the FFT block at the

receiver is

~ 1 N-1 ' .
D=5 reemaw, (2.22)
N k=0
where
N-1
o= Y  HpDne? 3 4 n(k). (2.23)
n=0

A complex number H, is the frequency response of the time-invariant
channel h(t — 7) at frequency n/T'. So,

P - H.,D,+ N(n), n=m
™ N(n), n#m

n(t) is white Gaussian noise with a diagonal covariance matrix of
E(n(k)n(l)) = §I. Therefore, the noise components for different sub-
carriers are not correlated,

E(a(k)a*(1)) = WSIWT = §1. (2.25)

(2.24)

where 7i(k) is the vector of noise samples { n(k),---,n{k — N)}.

A detailed mathematical analysis of OFDM in multi-path Rayleigh
fading is presented in the last section.

24 DFT

The key components of an OFDM system are the Inverse DFT in the
transmitter and the DFT in the receiver. These components must im-
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plement
T,
dp=—= > DWW n=0,---,N—-1 (2.26)
Wiz
and,
TR,
D,=—)Y dWg" n=0,---,N-1 (2.27)
Wi
respectively.

These operations perform reversible linear mappings between N
complex data symbols {D} and N complex line symbols {d}. It can
be seen that the two operations are essentially identical.

The scale factor 1/ VN provides symmetry between the opera-
tions and also preservation of power. Frequently, a scale factor of 1/N
is used in one direction and unity in the other instead. In an actual im-
plementation, this is immaterial because scaling is chosen to satisfy
considerations of overflow and underflow rather than any mathemati-
cal definition.

A general N-to-N point linear transformation requires N? mul-
tiplications and additions. This would be true of the DFT and IDFT
if each output symbol were calculated separately. However, by calcu-
lating the outputs simultaneously and taking advantage of the cyclic
properties of the multipliers e+i2mk/N 'Bast Fourier Transform (FFT)
techniques reduce the number of computations to the order of N log N.
The FFT is most efficient when N is a power of two. Several variations
of the FFT exist, with different ordering of the inputs and outputs, and
different use of temporary memory. One variation, decimation in time,
is shown in Figure 2.9.

Figure 2.10 shows the architecture of an OFDM system capa-
ble of using a further stage of modulation, employing both in-phase
and quadrature modulators. This configuration is common in wireless
communication systems for modulating baseband signals to the re-
quired IF or RF frequency band. It should be noted that the basic con-
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Figure 2.9: An FFT implementation (decimation in time)

figuration illustrated does not account for channel dispersion, which
is almost always present. The channel dispersion problem is solved
by using the cyclic prefix which will be described later.

Small sets of input bits are first assembled and mapped into com-
plex numbers which determine the constellation points of each sub-
carrier. In most wireless systems, smaller constellations are formed
for each sub-carrier. In wireline systems, where the signal-to-noise
ratio is higher and variable across the frequency range, the number
of bits assigned to each sub-carrier may be variable. Optimization of
this bit assignment is the subject of bit allocation, to be discussed in
Chapter 3 and 11.

If the number of sub-carriers is not a power of two, then it is com-
mon to add symbols of zero value to the input block so that the advan-
tage of using such a block length in the FFT is achieved. The quantity
N which determines the output symbol rate is then that of the padded
input block rather than the number of sub-carriers.

The analog filters at the transmitter output and the receiver input
should bandlimit the respective signals to a bandwidth of 1/7. Low
pass filters could be used instead of the band-pass filters shown, placed
on the other side of the modulator or demodulator. The transmit filter
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eliminates out-of-band power which may interfere with other signals.
The receive filter is essential to avoid aliasing effects. The transmit-
ted signal has a continuous spectrum whose samples at frequencies
spaced 1/T apart agree with the mapped input data. In particular, the
spectrum of each sub-carrier is the form sinc(1/T), whose central
value is that input value, and whose nulls occur at the central frequen-
cies of all other sub-carriers.

The receiver operations are essentially the reverse of those in the
transmitter. A critical set of functions, however, are synchronization
of carrier frequency, sampling rate, and block framing. There is a min-
imum delay of 27 through the system because of the block assembly
functions in the transmitter and receiver.

The FFT functions may be performed either by a general purpose
DSP or special circuitry, depending primarily on the information rate
to be carried. Some simplification compared with full multiplication
may be possible at the transmitter, by taking advantage of small con-
stellation sizes.

The number of operations per block of duration 7 is KN log, N,
where K is a small quantity. To compare this with a single carrier
system, the number of operations per line symbol interval 7/N is
Klogy, N, which is substantially below the requirement of an equal-
izer in a typical single carrier implementation for wireline applica-
tions. In most wireline systems it is desirable to transmit the trans-
formed symbols d, without any further modulation stages. In this
case, it is only possible to transmit real line symbols, and not the above
complex quantities. The problem is solved by augmenting the original
sequence D), by appending its complex conjugate to it, as shown in
Figure 2.11. The 2N-point IFFT of this augmented sequence is then a
sequence of 2N real numbers, which is equivalent in bandwidth to N
complex numbers.
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Figure 2.11: System with real transmission

The augmented sequence is formed from the original sequence as

D;={ D, n=1,--,N—-1

SNy M=N+1. 2N -1 (2.28)

In order to maintain conjugate symmetry, it is essential that D(I) and
. . . . !
D}V be real. If the original Dy is zero, as is common, then Dy and

Dy are set to zero.Otherwise, Dy may be set to Re(Dg) and Dy to

For the simple case of Dy = 0, the output of the IFFT is:

=Z2N1D M

n=0

rmn
' D,e"F

=2Re SN

n~0

_ZZN 1[A cos™2t — Bpsin™t], m=0,---,2N — 1,
(2.29)
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Figure 2.12: Two different techniques for FFT butterfly

where D,, = A, + jB,. Of course the scaling by a factor of two is
immaterial and can be dropped. This real orthogonal transformation
is fully equivalent to the complex one, and all subsequent analyzes are
applicable.

2.5 Partial FFT

In some applications, the receiver makes use of a subset of transmit-
ted carriers. For example, in a digital broadcasting system receiver
[12] that decodes a group of sub-carriers (channels) or in some multi-
rate applications, the receiver has several fall-back modes so using a
repetitive structure is advantageous. One of the benefits of an OFDM
system with an FFT structure is the fact that it lends itself to a repet-
itive structure very well. This structure is preferred compared to the
required filtering complexity in other wideband systems. Two com-
mon structures are shown in Figure 2.12.

An example of partial FFT is shown in Figure 2.13. In order to
detect (receive) the marked point at the output, we can restrict the
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Figure 2.13: Partial FFT (DIT)

FFT calculation to the marked lines. Therefore, a significant amount
of processing will be saved.

Two main differences between decimation in time (DIT) and dec-
imation in frequency (DIF) are noted [11]. First, for DIT, the input is
bit-reversed and output is in natural order, while in DIF , the reverse
is true. Secondly, for DIT complex multiplication is performed before
the add-subtract operation, while in DIF the order is reversed. While
complexity of the two structures is similar in typical DFT, this is not
the case for partial FFT [12]. The reason is that in the DIT version of
partial FFT, a sign change (multiplication by 1 and -1) occurs at the
first stages, but in the DIF version it occurs in later stages.

2.6 Cyclic Extension

Transmission of data in the frequency domain using an FFT, as a com-
putationally efficient orthogonal linear transformation, results in ro-
bustness against ISI in the time domain. Unlike the Fourier Transform
(FT), the DFT (or FFT) of the circular convolution of two signals is
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Figure 2.14: Prefix and postfix cyclic extension

equal to the product of their DFT’s (FFT).

FT{dy  hn} = FT{dy} x FT{hn}
(2.30)
DFT{d, ® hn} = DFT{d,} x DFT{h,},

where + and @ denote linear and circular convolution respectively.

The signal and channel, however, are linearly convolved. After
adding prefix and postfix extensions to each block, the linear convo-
lution is equivalent to a circular convolution as shown in Figure 2.14.
Instead of adding a prefix and a postfix, some systems use only prefix,
then by adjusting the window position at the receiver proper cyclic
effect will be achieved.

Using this technique, a signal, otherwise aliased, appears infinitely
periodic to the channel. Let’s assume the channel response is spread
over M samples, and the data block has N samples then:

N-1
y(n) =Y _ d(m)h(n—m)xRy(n), n=0,1,---, N+M~1 (2.31)
m=0
where Ry (n) is a rectangular window of length N. To describe the
effect of distortion, we proceed with the Fourier Transform noting
that convolution is linear

Y(k) =Y(e™)

w = kw,

. ‘ o e (2.32)
= {D(e/) x H(e)} » T e 2
2

w = kw,
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After linear convolution of the signal and channel impulse re-
sponse, the received sequence is of length N + M — 1. The sequence
is truncated to N samples and transformed to the frequency domain,
which is equivalent to convolution and truncation. However, in the
case of cyclic pre/postfix extension, the linear convolution is the same
as the circular convolution as long as channel spread is shorter than
guard interval. After truncation, the DFT can be applied, resulting in
a sequence of length N because the circular convolution of the two
sequences has period of N.

Intuitively, an N-point DFT of a sequence corresponds to a Fourier
series of the periodic extension of the sequence with a period of N.
So, in the case of no cyclic extension we have

o N-1

> > dm)h(n+iN —m), (2.33)

j=—00 m=0

which is equivalent to repeating a block of length N + M — 1 with pe-
riod N. This results in aliasing or inter-symbol interference between
adjacent OFDM symbols. In other words, the samples close to the
boundaries of each symbol experience considerable distortion, and
with longer delay spread, more samples will be affected. Using cyclic
extension, the convolution changes to a circular operation. Circular
convolution of two signals of length N is a sequence of length N so
the inter-block interference issue is resolved.

Proper windowing of OFDM blocks, as shown later, is important
to mitigating the effect of frequency offset and to control transmit-
ted signal spectrum. However, windowing should be implemented af-
ter cyclic extension of the frame, so that the windowed frame is not
cyclically extended. A solution to this problem is to extend each frame
to 2N points at the receiver and implement a 2N FFT. Practically, it
requires a 2N IFFT block at the transmitter, and 2N FFT at the re-
ceiver. However, by using partial FFT techniques, we can reduce the
computation by calculating only the required frequency bins.

If windowing was not required, we could have simply used zero
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Figure 2.15: Pilot positioning in time and frequency

padded pre/postfix. Before the DFT at the receiver, we could copy
the beginning and the end of frame as prefix and postfix. This creates
the same effect of cyclic extension with the advantage of reducing
transmit power and causing less ISL.

The relative length of cyclic extension depends on the ratio of the
channel delay spread to the OFDM symbol duration.

2.7 Channel Estimation

Channel estimation inverts the effect of non-selective fading on each
sub-carrier. The channel estimation in OFDM is usually coherent de-
tection which is based on the use of pilot subcarriers in given positions
of the frequency-time grid. Chapter 6 covers the channel estimation
in more detail. Time varying channels are required to implement re-
peated pilot symbols. Nature of the channel such as coherence time
and coherence bandwidth determines the pilot spacing in time and
frequency. As it can be seen from Figure 2.15, the number of pilots
necessary to use can be reduced by spacing the pilots less than coher-
ence bandwidth in frequency and less than in coherence time in time



46 Chapter 2. System Architecture

E{|nP}
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domain.

Let
hi = (hy, By hag)T (2.34)

represent the overall impulse response of the channel, including trans-
mitter and receiver filters, with length M [15]. The N-element train-
ing sequence is represented by

X=[X;,1<i<M+N-1, 1<j<M
s f B, 1Si—j+1<N (2.35)
LA elsewhere '

The noise samples are

n= (nl;nZ)“' )nM+N—-1)T; (236)
with
R, = E{nn*} = LL* (2.37)
in which L is a lower triangular matrix, which can be calculated by
the Cholesky method. The received signal is then

r=Xh+n (2.38)

After correlation or matched filtering, the estimate of the impulse re-
sponse is:

hy = X*r = X*Xhs + X*n. (2.39)

If the additive noise is white, the matched filter is the best estimator in
terms of maximizing signal-to-noise ratio. However, the receiver filter
colors the noise. With a whitening filter, the estimate is given in [111].
An unbiased estimator, which removes the effect of sidelobes, is

he = (X*R7IX) ' X*R'r = h+ (X*R7* X) ' X*R;'n. (2.40)

In the dual system architecture, circular convolution is replaced
by multiplication. The repetition of the training sequence results in
circular convolution. Therefore, Equation 2.39 is replaced by:

F — XOet B g YR R (2.41)
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where superscript w shows Fourier Transform and all products are
scalar. The same procedure can be applied to Equation 2.40. This pro-
cedure is also called frequency equalization.

2.8 Modelling of OFDM for Time-Varying
Random Channel

2.8.1 Randomly Time-Varying Channels

Linear randomly time-varying channels can be characterized by their
impulse response , which represents system response at time ¢ due
to an impulse at time ¢t — 7. So, for input z(t), the output would be

y(t) = [ h(t,7)z(t — 7)dr.

Other kernels can be defined to relate input and output in time and
frequency domains [13]. Since the impulse response is time-varying,
it is expected that the system transfer function is time-varying. The
transfer function is defined as

H(t, f) = / e P2 (t, T)dT, (2.42)

) = [ XD e ar @43)
If the input is a single tone /2™ the output is:
/ej2"m(t"7)h(t, TVdT = /™™ H(t, m), (2.44)

which shows that the time-varying transfer function has an interpreta-
tion similar to time-invariant systems. Namely, the output of the sys-
tem for a sinusoidal function is the input multiplied by the transfer
function. In general, h(t,7) is a random process and its exact sta-
tistical description requires a multi-dimensional probability distribu-
tion. A practical characterization of the channel is given by first and
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second order moments of system functions. For example, many ran-
domly time-varying physical channels are modelled as wide sense sta-
tionary non-correlated scatterers. Therefore, they are white and non-
stationary with respect to delay variable 7 and stationary with respect
to ¢.

E{h(t, T)h*(t/, 7',)} =K@ —u,7)0(r — 7',), (2.45)

K(t, ) is called the tap gain correlation. The scattering function of
the channel is defined as

S(f, 1) = / K (¢, 7)e 2™y, (2.46)

For any fixed 7, the scattering function may be regarded as the complex-
valued spectrum of the system. The relationship between different
system functions is shown in the Figure 2.17 and Figure 2.18.

Coherence bandwidth of the received signal (or channel) is de-
fined as the frequency distance beyond which frequency responses of
the signal are uncorrelated. The reciprocal of delay spread is an es-
timate for coherence bandwidth. Coherence time is the time distance
beyond which the samples of received signal (or channel impulse re-
sponse) are uncorrelated. Since the channel and signal are Gaussian,
independence of samples is equivalent to their being non-correlated.
The reciprocal of Doppler spread is an estimate of coherence time
[14].
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Figure 2.19: OFDM time and frequency span
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Figure 2.20: Time-varying channel
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2.8.2 OFDM in Randomly Time-Varying Channels

In general, OFDM is a parallel transmission technique in which N
complex symbols modulate N orthogonal waveforms ;(¢) which main-
tain their orthogonality at the output of the channel. This requires that
the correlation function of the channel output process, in response to
different waveforms, has orthogonal eigenfunctions.

Let h(t, 7) be the Rayleigh distributed, time-varying complex im-
pulse response of the channel, while R(%,7) denotes the complex cor-
relation of the output in response to a basic pulse shape f(#):

R(t,7) = E{y(t)y(t + 7)*}. (2.47)

Using Karhunen-Loeve expansion, the output of the channel y(t) can
be represented as

y(t) = > Diypi(t), (2.48)

where the ;(t)s are eigenfunctions of the correlation function R(t, 7)
and

y; = / y(t)pi(t)dt, (2.49)

Using Karhunen-Loeve expansion, the output of the channel ¥(t) can
be represented as

y(t) = Z yipi(t), (2.50)

where the ©;(t)s are eigenfunctions of the correlation function R(t, )
and

Yi = / y(t)pi(t)dt @2.51)
The corresponding eigenvalues of the correlation function are A; where

/ Bit, Pl = gl 2.5

For a Gaussian random process y(t), the coefficients in Equation 2.50
are Gaussian random variables and their powers are the corresponding
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eigenvalues. If the input consists of orthogonal modulating functions
which are harmonics of the form

Ui(t) = u(t)e* (2.53)

where u(t) is the basic waveform such as time-limited gating function.
The eigenfunctions of the received signal correlation function Ry (, 7)

are, ‘
pi(t)el i (2.54)

where again ;(t) are the eigenfunctions’ output correlation functions
in response to basic waveform u(t). Therefore, the orthogonality con-
dition is

/ @i(t) () i=feldt = 0 (2.55)

which can be achieved by increasing §f = f;11 — fi- Analytically
this means that Iy sub-spaces spanned by different eigenfunctions are
mutually orthogonal. In other words, the frequency response of the
channel for different frequency bins is independent. For a pure tone
signal of frequency f, the output of random channel is:

yk(t) = fh(t,T).’E(t -— T)dT — fh(t,’f‘)eﬂ"f’“(t_T)dT

(2.56)
= e/ ft [ h(t, T)e~ 82 ferdr
The transfer function of a time-varying channel is defined as
H(f,t) = / e 72T h(t, T)drT, (2.57)
so the output of channel can be represented as
y(t) = H(fy, t)e?*™ (2.58)

and the orthogonality requirement of the output processes holds. If
the filter gains H(fy,t) are orthogonal, and the tap filters are non-
correlated and Gaussian, then they will be independent too. As an
example, consider orthogonal functions of the form

Qi(t) = u(t — iT)e@mflt=dT), (2.59)
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This set of orthogonal functions is used to modulate data symbols
and transmit them in a single OFDM symbol timing interval such that
the orthogonality in the frequency domain is preserved. By choos-
ing the above set of orthogonal functions, the eigenfunctions used in
Karhunen-Loeve expansion will be related as shown in Equation 2.54.
The optimum receiver maximizes a posteriori probability (conditional
probability of the received signal given a particular sequence is trans-
mitted). Usually, channel characteristics do not change during one or
a few symbols. Therefore, the channel output can be represented as

y(t) = > H(fi,t)el?™ . (2.60)
k

The received signal r(t) = y(t) + n(t) with n(t) representing additive
white Gaussian noise can be expanded as

r(t) =3 ripi(t), (2.61)

where
Ti =Yty

n; = [ n(t)gi(t)dt (2.62)
yi = [ y(t)pi(t)dt
Notice that the noise projection should be interpreted as a stochastic
integral, because a Riemann integral is not defined for white noise.
r;8 are independent zero mean Gaussian random variables and their

powers are _
E|r;|* = E|H|* + n2, (2.63)

assuming that data symbols are of equal and unit power. So, the prob-
lem at hand reduces to the detection of a Gaussian random process
corrupted by Gaussian noise.
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Channel Estimation and
Equalization

6.1 Introduction

Time—variant and frequency-selective fading channels present a se-
vere challenge to the designer of a wireless communication sys-
tem. An OFDM receiver implements dual role to tackle this prob-
lenv.channel estimation or equalization. Several choices are possible
for the implementation of a receiver depending on the modelling of
the channel and complexity invested in each task. The nature of the
OFDM enables powerful estimation and equalization techniques.

6.2 Channel Estimation

In OFDM link, modulated bits are disturbed during the transmission
through the channel since the channel introduces amplitude and phase
shifts due to frequency selective and time-varying nature of the radio
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Figure 6.1: Observation of the distortion by channel [87]

channel. In order for the receiver to acquire the original bits, it needs
to take into account these unknown changes. Figure 6.1 illustrates a
typical OFDM transmission and the effects of the channel. The re-
ceiver applies either coherent detection or non-coherent detection to
recover the original bits. Coherent detection uses reference values that
are transmitted along with data bits. The receiver can tune into those
values and estimate the channel only at the locations where the refer-
ence values are located. The entire channel can be estimated by using
several interpolation techniques. Non-coherent detection on the other
hand, does not use any reference values but uses differential modu-
lation where the information is transmitted in difference of the two
successive symbols. The receiver uses two adjacent symbols in time
or two adjacent subcarriers in frequency to compare one with another
to acquire the transmitted symbol [52].

In this section, we will review channel estimation techniques. We
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Figure 6.2: Pilot positioning in time and frequency

start with coherent and non-coherent detection wherein we describe
the block type and comb type channel estimation and continue with
the interpolation techniques. Finally, channel estimation in MIMO-
OFDM system is discussed.

6.2.1 Coherent Detection

The coherent detection can be performed by either inserting pilot
tones into all of the subcarriers of OFDM symbols with a period in
time or inserting pilot tones into each OFDM symbol with a period
in frequency. In the case of time-varying channels, the pilot signal
should be repeated frequently. The spacing between pilot signals in
time and frequency depends on coherence time and bandwidth of the
channel. One can reduce the pilot signal overhead by using a pilot
signal with a maximum distance of less than the coherence time and
coherence bandwidths. Then, by using time and frequency interpo-
lation, the impulse response and frequency response of the channel
can be calculated. Figure 6.2 illustrates the pilot arrangement in time-
frequency plane.

If B, is Doppler spread and o, is delay spread, a suitable choice
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Figure 6.3: Baseband OFDM system

for pilot spacing in time NY, and in frequency NI{ , is as follows:

bty 1 foy L
NP ~ Bdeymb NP ~ Afor (6'1)

where A f is subcarrier bandwidth, Tsyms is symbol time.

Various types exist in the pilot arrangement depending on the chan-
nel condition. Those types can be classified into two at higher level.
The first one is the block type pilot arrangement for slow fading chan-
nels. All subcarriers are used once and the estimated channel is used
for the coming symbols since the channel changes very slowly for
slow fading channels, and the channel is highly correlated for the
consecutive symbols. The second approach is the comb type pilot
arrangement, which interleaves the pilots over time and frequency.
Comb-type estimation uses several interpolation techniques to esti-
mate the entire channel. Flat fading channels can be estimated by
comb-type pilot arrangement and pilot frequency increases if the chan-
nel is frequency selective fading.

The OFDM system based on pilot channel estimation is given in
Figure 6.3. The binary information is first grouped and mapped ac-
cording to the modulation in “signal mapper”. After inserting pilots
either to all sub-carriers with a specific period or uniformly between
the information data sequence, IDFT block is used to transform the
data sequence of length N {X(k)} into time domain signal {z(n)}
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with the following equation:

z(n) = IDFT{X(k)} n=0,1,2...,N-1
6.2)
= Ti5 X (ke

where N is the DFT length. Following IDFT block, guard time, which
is chosen to be larger than the expected delay spread, is inserted to pre-
vent inter-symbol interference. This guard time includes the cyclically
extended part of OFDM symbol in order to eliminate inter-carrier in-
terference (ICI). The resultant OFDM symbol is given as follows:

g(N +n), n=-N,—-N,+1,...,—1

””f(”)z{ z(n),  n=0,1,... N-1 )

where Ny is the length of the guard interval. The transmitted signal
zs(n) will pass through the frequency selective time varying fading
channel with additive noise. The received signal is given by:

yr(n) = z7(n) K h(n) + w(r) (6.4)

where w(n) is Additive White Gaussian Noise (AWGN) and h(n) is
the channel impulse response.The channel response h can be repre-
sented by [56]:

r—1
h(n) =Y hied #2:T5(g, — )0 <n < N~ 1 (6.5)
i=0

where 7 is the total number of propagation paths, A; is the complex
impulse response of the 5** path, fp; is the #** path Doppler frequency
shift, ¢,1is delay spread index, T is the sample period and 7;is the
ith path delay normalized by the sampling time. At the receiver, after
passing to discrete domain through A/D and low pass filter, guard
time is removed:

yf(n) ~-Ny<n<N-1

y(n) =ys(n+N,) n=01,...N—1 (6.6)
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Then y(n) is sent to DFT block for the following operation:

Y(k) =DFT{y(n)} k=0,1,2...N—1
6.7)

Zwkn

= W2n~0 y(n)e~

Assuming there is no ISI, [59] shows the relation of the resulting ¥ (k)
to H(k) = DFT{h(n)}, I(k) (ICI because of Doppler frequency),
and W(k) = DFT{w(n)}, with the following equation [55]:

Y(k)=X(k)H(k) +I(k) + W(k)k=0,1...N—1 (6.8)

where
Zh e],,rfDTS’L’I’L WfDlT) _2_%7_'1,0
7 fp, T
r—1 -1 i
hX(K)1 — J2r(fp, T—k+K) 2mr;
I(k?)z Z z]\g ) 6'2—"(f — K)G—JZN K,
=0 K =0, 1 — el WD, —hk+
K+#k

Following DFT block, the pilot signals are extracted and the esti-
mated channel H,(k) for the data sub-channels is obtained in channel
estimation block. Then the transmitted data is estimated by:

_ Y(k) _
Xe“He(k) k=01,...N -1 (6.9)

Then the binary information data is obtained back in ‘“‘signal demap-
per” block.

6.2.2 Block-Type Pilot Arrangement

Block type pilot channel estimation has been developed under the as-
sumption of slow fading channels. The estimation of the channel for
this block-type pilot arrangement can be based on Least Square (LS)
or Minimum Mean-Square (MMSE). The MMSE estimate has been
shown to give 10-15 dB gain in signal-to-noise ratio (SNR) for the
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same mean square error of channel estimation over LS estimate [53].
In [54], a low-rank approximation is applied to linear MMSE by us-
ing the frequency correlation of the channel to eliminate the major
drawback of MMSE, which is complexity.

In block-type pilot based channel estimation, OFDM channel esti-
mation symbols are transmitted periodically, in which all sub-carriers
are used as pilots as seen in Figure 6.4. If the channel is constant dur-
ing the block, there will be no channel estimation error since the pilots
are sent at all carriers.

Ifinter symbol interference is eliminated by the guard interval, the
Equation (6.8) is written in matrix notation as

Y=XFh+W (6.10)
where
X = dZCLg{X( )aX(l)a >X(N_1)}
Y = [YO)Y().. YW1
W o= [WOW().. W(N -1
H = [HO)H1)...H(N - 1)]T DFTy{h}
w® . WA (6.11)
o= f :
W](VN—I)O W}&{N—U(N-l)
W]r\z]lc — %e—jQW%k

If the time domain channel vector A is Gaussian and uncorrelated
with the channel noise W, the frequency domain MMSE estimate of
h is given by [54]:

Humse = FRyy RyyY (6.12)
where

Ryy = E{hY}= Ry FEXH
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Ryy = E{YY}=XFRuFEXH + Iy
(6.13)

are the cross covariance matrix between h and Y and the auto co-
variance matrix of Y. Rp is the auto-covariance matrix of & and o?
represents the noise variance E{|W (k)|*}.

The LS estimate on the other hand minimizes the difference be-
tween the received value and estimated value. Thus, LS minimizes

(Y — XFR)H(Y — XFh).
The estimated channel in LS is represented by

His = X1, (6.14)

Decision-feedback channel estimation

When the channel is slow fading, the channel estimation inside the
block can be updated using the decision feedback equalizer at each
sub-carrier. Decision feedback equalizer for the k** sub-carrier can be
described as follows:

e The channel response at the k** sub-carrier estimated from the
previous symbol {He(k)} is used to find the estimated transmit-
ted signal {X.(k)}.

k=0,1,...N—1 (6.15)

e {X.(k)} is mapped to the binary data through “signal demap-
per” and then obtained back as {Xpyre(k)} through “signal map-

99

per”.

e The estimated channel H,(k) is updated by:

He(k) = c———  k=0,1,...N-1  (6.16)
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Since the decision feedback equalizer has to assume that the decisions
are correct, the fast fading channel may cause the complete loss of es-
timated channel parameters. Therefore, as the channel fading becomes
faster, there happens to be a compromise between the estimation error
due to the interpolation and the error due to loss of channel track-
ing. For fast fading channels the comb-type based channel estimation
performs better.

6.2.3 Comb-Type Pilot Arrangement

The comb-type pilot channel estimation, has been introduced to sat-
isfy the need for equalizing when the channel changes even in one
OFDM block. The comb-type pilot channel estimation consists of al-
gorithms that estimate the channel at pilot frequencies and that inter-
polate the channel.

The estimation of the channel at the pilot frequencies for comb-
type based channel estimation can be based on LS, MMSE or Least
Mean-Square (LMS). MMSE has been shown to perform much better
than LS. In [55], the complexity of MMSE is reduced by deriving an
optimal low-rank estimator with singular-value decomposition.

The interpolation of the channel for comb-type based channel esti-
mation can depend on linear interpolation, second order interpolation,
low-pass interpolation, spline cubic interpolation, and time domain
interpolation. In [55], second-order interpolation has been shown to
perform better than the linear interpolation. In [56], time-domain in-
terpolation has been proven to give a lower bit-error rate (BER) com-
pared to linear interpolation.

In comb-type pilot based channel estimation, the IV, pilot signals
are uniformly inserted into X (k) according to the following equation:

X(k) =X(mL+1)
_f zp(m), 1=0 6.17)
) infdate 1=1,...L—1
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where L = (number of carriers/N,) and z,(m) is the m** pilot carrier
value. Wedefine { Hp(k), k=0,1,... Np} as the frequency re-
sponse of the channel at pilot sub-carriers. The estimate of the channel
at pilot sub-carriers based on LS estimation is given by:

Y

H, ==L =0,1,...N, — .
ya k=0,1,..N, — 1 (6.18)

where Y, (k) and X, (k) are output and input at the k** pilot sub-carrier
respectively.

Since LS estimate is susceptible to noise and ICI, MMSE is pro-
posed while compromising complexity. Since MMSE includes the
matrix inversion at each iteration, the simplified linear MMSE esti-
mator is suggested in [57]. In this simplified version, the inverse only
needs to be calculated once. In [55], the complexity is further reduced
with a low-rank approximation by using singular value decomposi-
tion.

6.24 Interpolation Techniques

In comb-type pilot based channel estimation, an efficient interpola-
tion technique is necessary in order to estimate channel in time and
frequency. The pilot symbols can be interleaved within a symbol or
between the symbols. The estimated pilot values should be connected
in order to get an estimated value for the data values. The following
techniques are written for interpolation within the symbol but it can
also apply to interpolation between the symbols.

Linear Interpolation:

The linear interpolation method is shown to perform better than the
piecewise-constant interpolation in [58]. The channel estimation at
the data-carrier k, mL < k < (m + 1)L, using linear interpolation is
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given by:

Ho(k) =H,mL+l) 0<I<L

= (Hp(m + 1) — Hp(m)) £ + Hp(m) (6.19)

Second-order Gaussian Interpolation:

The second-order Gaussian interpolation is shown to fit better than
linear interpolation [55]. The channel estimated by second-order in-
terpolation is given by:

H. (k) = H.(mL+1)
= c1Hp(m — 1) + coHp(m) + c1Hp(m + 1)

_ ala—1 (6.20)
c1 = 9 )
where o =—(a-1)a+l), a= 7{-,
g w2l

2

Low-pass Interpolation

The low-pass interpolation is performed by inserting zeros into the
original sequence and then applying a lowpass FIR filter that allows
the original data to pass through unchanged and interpolates between
them such that the mean-square error between the interpolated points
and their ideal values is minimized.

Spline cubic Interpolation:

The spline cubic interpolation produces a smooth and continuous poly-
nomial fitted to given data points. It finds a curve thatis in an equation
of three degrees or less that connects a set of data points. In each point
weights are attached and a flexible strip is shaped around the weights.
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Figure 6.5: Time domain interpolation

Time domain Interpolation:

The time domain interpolation is a high-resolution interpolation based
on zero-padding and DFI/IDFT [59]. After obtaining the estimated
channel {Hp(k), k = 0,1, Np — 1}, it is first converted to time do-
main by IDFT:

Np_l - 2mkn

G(n) = Z Hye' ™ n=0,1,...Ny—1 (6.21)
k=0

Then, by using the basic multi-rate signal processing properties [60],
the signal is interpolated by transforming the NN, points into N points
with the following method:

M=% 41
Gp, 0<n<M-2 (6.22)
Gy =4 0, B <N-M
Gpin—-N+2M~1), ~-M<n-N<-1

The estimate of the channel at all frequencies is obtained by:

N-1
H(k) =Y Gu(n)e %™ 0< k<N -1 (6.23)

n=0
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The pilot symbols do not need to be periodic, they can be arranged
according to the channel condition dynamically with additional over-
head. the number of pilots and their positions can be changed dynam-
ically. This type estimation is called scattered estimation as shown in
Figure 6.4.

6.2.5 Non-coherent Detection

Non-coherent detection uses differential modulation technique wherein
the information to be transmitted is contained in the phase difference
Yx of two successive modulation symbols z and 1 as in M-DPSK
and DQPSK. and the received phase differences ;. of the correspond-
ing received symbols ¥ and y_ [65].

Ve = arg(;5=), ¢p = arg(;2-) (6.24)

In non-coherent detection, there is no requirement for the channel
estimation and consequently, there is no overhead introduced by the
pilot symbols. Coherent detection, on the other hand, performs better
than non-coherent detection since coherent detection is not affected by
phase changes since training values are used to estimate the reference
phases and amplitudes[66].

6.2.6 Performance

The performance results are from a system with the parameters indi-
cated in Table 6.2.6. Perfect synchronization and no ISI is assumed.
The HE channel model of the ATTC (Advanced Television Technol-
ogy Center) and the Grande Alliance DTV laboratory’s ensemble E
model is used. The impulse response of the Rayleigh channel is given
by:
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Parameters | Specifications |
FFT Size 1024

Number of Active Carriers(N) | 128

Pilot Ratio 1/8

Guard Interval 256

Guard Type Cyclic Extension
Sample Rate 44.1KHz
Bandwidth 17.5KHz

Signal Constellation 16QAM
Channel Model Rayleigh Fading
Coding Rate 1/1

Table 6.1: Simulation parameters for channel estimation

h(n) = a(n) + 0.3162a(n — 2)
+0.1995c(n — 17) + 0.1296a(n — 36)
+ 0.1a(n — 75) + 0.1a(n — 137)
(6.25)

In block type estimation, each block consists of a fixed number
of symbols, which is 30 in the simulation. Pilots are sent in all the
sub-carriers of the first symbol of each block and channel estimation
is performed by using LS estimation. The channel is estimated at the
beginning of the block and used for all the following symbols of the
block.

In decision feedback equalizer, in addition to the block type esti-
mation, the successive symbols after the pilots are used to calibrate
the estimated values of the pilot symbols. In this way, channel can be
tracked through the channel variations.

Values is estimated in either LS or Least Mean Square (LMS)
method. The LMS estimator uses one tap LMS adaptive filter at each
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Figure 6.6: LMS scheme

pilot frequency. The first value is found directly through LS and the
following values are calculated based on the previous estimation and
the current channel output as shown in Figure 6.6.

All of the possible interpolation techniques (linear interpolation,
second order interpolation, low-pass interpolation, spline cubic inter-
polation, and time domain interpolation) are applied to LS estimation
result to investigate the interpolation effects and linear interpolation
are applied to LMS estimation results to compare with the LS overall
estimation results.

The legends “linear, second-order, low-pass, spline, time domain”
denote interpolation schemes of comb-type channel estimation with
the LS estimate at the pilot frequencies, “block type” shows the block
type pilot arrangement with LS estimate at the pilot frequencies, “de-
cision feedback” means the block type pilot arrangement with LS esti-
mate at the pilot frequencies and with decision feedback, and “LMS”
is for the linear interpolation scheme for comb-type channel estima-
tion with LMS estimate at the pilot frequencies.

Figures 6.7 gives the BER performance for Rayleigh fading chan-
nel, with static channel response given in equation (6.25).
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Figure 6.7: 16QAM modulation with Rayleigh fading (Doppler Freq.
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These results show that the block-type and decision feedback es-
timation BER values are 10-15dB higher than that of the comb-type
estimation type. This is because the channel transfer function changes
so fast that there are even changes for adjacent OFDM symbols.

The comb-type channel estimation with low pass interpolation
achieves the best performance among all the estimation techniques for
16QAM modulation. The performance among the comb-type channel
estimation techniques usually range from the best to the worst as fol-
lows: low-pass, spline, time-domain, second-order and linear. The re-
sult was expected since the low-pass interpolation used in simulation
does the interpolation such that the mean-square error rate between
the interpolated points and their ideal values is minimized.

Figure 6.8 shows the performance of channel estimation meth-
ods for 16QAM modulation in Rayleigh fading channel for different
Doppler frequencies. The general behavior of the plots is that BER
increases as the Doppler spread increases. The reason is because of
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Figure 6.8: 16QAM modulation with Rayleigh fading (SNR 40dB)

the existence of severe ICI caused by Doppler shifts. Another obser-
vation from this plot is that the decision feedback block type channel
estimation performs better than the comb-type based channel estima-
tion for low Doppler frequencies except low-pass and spline interpo-
lation. One can observe that time-domain interpolation performance
improves compared to other interpolation techniques as Doppler fre-
quency increases [52].

6.2.7 Channel Estimation for MIMO-OFDM

Multiple transmit and receive antennas are a strong choice to improve
capacity in OFDM systems. MIMO systems leverage the transmitter
and receiver diversity. Channel estimation is an important issue for
the MIMO-OFDM systems since computational complexity increases
rapidly with the increase in the number of antennas. Any estimation
error becomes crucial since the system becomes more sensitive.
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Figure 6.9: MIMO-OFDM architecture

In the estimation process of the channel in any transmitter receiver
pair, the signals transmitted by other transmitters act as an interfer-
ence. The challenge can be overcome by inserting pilot tones orthog-
onal in time, meaning whenever a pilot tone is inserted in a subcarrier,
all other transmitters do not send anything in that subcarrier [73]. This
method is suitable to the cases when the symbol time is larger than the
coherence time. If the symbol time is smaller than the coherence time,
then the correlation can be leveraged to improve the channel estima-
tion. Assume Hy(t) is the estimate of the channel at time ¢ at the n**
pilot tone. The H,(t+ 1) can be estimated given H,(t) and H,(t+ 1)
by MMSE or LS estimation [62].

For a MIMO-OFDM system with M; transmit and M, receive an-
tennas, there are M; x M, channels to be estimated. All transmitters
send their signals simultaneously and the received signal is a super-
position of the transmitted signals that are distorted by the channel.
The received signal at the k** subcarrier of the n* block from the j**
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receive antenna described in [75], [73] is expressed as:

M,
yiln, k] =Y Hyln, klailn, k] + w;ln, &, (6.26)
i=1
forj=1,...,M,andk =0,..., K — 1, where z;[n, k] is the symbol
transmitted from the 4** transmit antenna at the k** subcarrier of the
ntk block, Hiifn, k] is the channel’s frequency response at the kt* sub-
carrier of the n** block corresponding to the i** transmit and the j**
receive antenna, and, w; [n, k:] is additive (complex) Gaussian noise
that is assumed to be independent and identically distributed (i.i.d.)
with zero-mean and variance o.

The received symbol in each antenna is independent from one an-
other. Following the notation in [75] and omitting the receiver antenna
subscript j the estimated channel is as follows:

Define
y[n] (y[n) O]a y[n’ 1]> T ,y{n, K- IJ)T,

D; Zdiag{aﬁ,-[n,O],-'-,i:i[n,K - 1]},
win] £ (wn.0,wn,l], -, win, K - 1])7,

where Z;[n, k]’s are detected symbols. Let rank-y approximation of
the channel response be:

(H;[n,0],-, Hi[n, K = 1)T = Uhy[n], (6.27)

where

h/'t[n] = (h'z[nao]) e )hi[n7x - 1])T7
and U is the rank-y transform matrix which is
1 1 sme 1
1 Wx - WX

1 W}({K—l) W}((X—l)(x--l)
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2 . .
where Wi = e~/ and equation (6.26) can be written as

M,
zfn] = > Difn]Uki[n] + w(n]. (6.28)
i=1
Let . . A )
from [73], the LS estimate is given as

hln] = (T" [0)T[n]) ' T# [nlyln] (6.29)

where

Tln] = (D1[n]U, Da[n)U, - - -, Dy, [n]U). (6.30)

The matrix inversion introduces complexity to the system. There
are proposals that use training sequences which optimize and simplify
the channel estimation during the training period [74].

6.3 Equalization

One of the advantages of a multi-carrier system is its robustness against
inter-symbol interference. The longer duration of OFDM symbols pro-

vides higher immunity against delay spread and ISI. As long as chan-

nel dispersion is not longer than the OFDM symbol guard interval,

system performance does not degrade due to ISI and use of the time

domain equalization is not usually mandated.

However, in case of higher data rates and channels with extensive
time dispersion, an equalizer is unavoidable. Albeit, the structure of
the equalizer is different from that of single carrier systems. The pur-
pose of equalization is not the complete removal, but the restriction of
inter-symbol interference to a tolerable extent.

In frequency domain equalization, the absence of inter-channel
interference (ICI) is used to compensate for channel complex gain
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at each sub-carrier frequency. Using time-frequency duality, complex
gain compensation after FFT is equivalent to a convolution of a FIR
filter in time domain (residual equalization).

In this section, we review main differences of equalization in sin-
gle and multi-carrier and follow up with analytical and practical as-
pects of time domain equalization. Then, frequency domain equaliza-
tion and echo cancellation are discussed. Using duality principle, we
present a unified approach to time and frequency domain equalization.

6.3.1 Time Domain Equalization

A brief review of decision feedback equalizer structure and perfor-
mance should help the reader to readily understand the analysis and
design of equalizers for multi-carrier.

Decision Feedback Equalizers

In a decision feedback equalizer, the forward filter whitens the noise
and produces a response with post-cursor ISI only, and the feedback
filter then cancels that post-cursor ISI. The optimum forward filter for
a zero-forcing DFE can be considered as cascade of a matched fil-
ter followed by a linear equalizer and a causal whitening filter whose
transfer function can be found by spectral factorization of the chan-
nel power spectrum. The forward filter, therefore, first minimizes ISI,
then noise power at the input of slicer, reintroducing causal ISI. No-
tice that the separation and ordering has only analytic significance
[79]. In practice, all forward filters are usually lumped together in one
adaptive filter.

In an MSE decision feedback equalizer, the optimum forward fil-
ter minimizes the mean-square residual ISI and noise power. In both
MSE-DFE and ZF-DFE we intend to minimize the error term at the
input of the slicer, which in the absence of error propagation includes
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Figure 6.10: General decision feedback equalizer

residual ISI and noise. Let h(n) represent the channel impulse re-
sponse, hence h*(—n) is the impulse response of the matched filter.
Forward filter cg(n) performs ISI suppression and noise whitening.
The feedback filter cg(n) eliminates the interference of previous sym-
bols, hence 1+cB(n) has to be a monic and causal filter. Therefore, its
output should have post-cursor inter-symbol interference only, namely

h{n) * h*(—n) * cp(n) = 1 + cp(n) (6.31)

On the other hand the variance of the noise, at the output of the

matched filter is
w/2

o? Sp(e’*")dw (6.32)
—m/2
where S, is power spectrum of the channel impulse response. In or-
der to minimize noise power at the input of the slicer, ¢g(n) should
whiten the noise. Rewriting Equation 6.31 in the frequency domain,
the forward filter transfer function is
1+ Cpg(2)

Cr(2) = 5 P (6.33)

The forward filter may apply further linear transformation to the in-
put signal to meet some optimality criteria such as minimizing square
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error or peak distortion. To whiten a stochastic process with spectrum
of UZSh(Z) it should satisfy the following equation:

1+Cp(2) 14+Cy(z*)

2 —
g Sh(z) H( )H*-l( __1) H*(Z* I)H(Z) UDFE (634)
Since
Sn(z) = H(z)H* ' (z7") (6.35)
from Equation 6.34 we have:
Su(z) = (1+ Co(2))(1 + C3(z")). (6.36)

The same procedure [79] can be followed for the MSE equalizer to
obtain

Sh(2) = (1+Cp(2))(L + Ch(=" ). (637)
In the following, we discuss some important issues about the DFE
with finite tap FIR feedback and forward filters as a preface for future
discussions.

The input to the feedback filter is noise free, therefore the feedback
filter eliminates the post-cursor ISI both in ZF-DFE and MSE-DFE.
The error term used for training is memoryless and defined as:

en = Tp — Tx. (6.38)

where zj is transmitted symbol, which is the same as the output
of the slicer when there is no error and Zj is the output of the equal-
izer. Minimizing Iek,2 requires that the input signal be orthogonal to
the error term. Since the input to the feedback filter is noise free, we
design the forward filter to minimize the error power which leads to
the following equations:

Eeii) = E(we = Y Ry ~ p_ 8,0y )iy =0 (639
J '
where —o0 <t < o0 and:

Yo=Y Pn o+ Tk (6.40)

n=0



6.3. Equalization 141

and

pi= Yol bl =01

Pi =D
where [ is channel spread in symbols.

Therefore,

Z CFiE{Zn PnZl—n—j Zn' p:,,’ xz_n’ —i}+ Zj CFjE{nk"jn;}
= Zﬁ:o an(mkxlc—n—i)

= 22 CF; 2oan PrPhijmi T No Zj CRP; = P
(6.41)
7, is a colored Gaussian noise with the following auto-correlation
function

sy 19 B e
The solution to Equation 6.39 is
Cr =176, (6.43)
where
Ly = E{kayZﬂ«}, 0<i4,j <N. (6.44)
N is the number of forward taps and
6; = B{xryr+i}, 0 <i < N. (6.45)
Coefficients of the backward filter can be found by
Cs = PTCp, (6.46)
where
CFy CB; Lo P o PM
s CF_, Cp = CB, p=| Pt P2 PM+1
CF_N CBy PN PN+M

(6.47)
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The forward filter ¢y is anti-causal which means that the main tap
is assumed to be the closest one to the slicer. The forward taps should
remove the entire post-cursor. Practically, the matched filter is usually
absorbed in the forward equalizer' then replaces is Equations 6.42 and
6.46. Notice that the feedback filter is designed to minimize the post-
cursor ISI at the input of the slicer. In practice, cg and ¢y are adjusted
adaptively.

6.3.2 Equalization in DMT

Multi-carrier systems are robust against inter-symbol interference as
long as orthogonality of adjacent symbols are preserved in the fre-
quency domain. In other words, the symbol duration of the OFDM
signal is extended to beyond 7. However, if channel impulse response
spread is more than the prefix extension, inter-symbol interference can
degrade the performance.

There are several fundamental differences between time domain
equalization requirements of OFDM channels and classic decision
feedback equalizers:

a) An equalizer of an OFDM system does not need to cancel the
IST entirely, but to limit its length. Unlike a single carrier system
in which equalization minimizes ISI, we only need to reduce it
to a time span less than the length of guard interval.

b) The channel impulse response is modelled as an ARMA system.
Usually, the channel impulse response is too long. Therefore, a
model of the form

A(z)

m (6.48)

is appropriate.

'We can interpret this as replacing the matched filter with a whitening matched
filter.
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Figure 6.11: Equalizer configuration in training mode

c) The equalizer does not work as a DFE in data mode. Unless
channel characteristics change rapidly, equalizer taps are ad-
justed during the training sequence and the same tap values are
preserved during data mode.

d) The feedback filter is not in the loop and need not to be monic
or causal. In single carrier systems, the slicer output is fed to the
feedback filter to remove the post-cursor effect. However, trun-
cating the impulse response does not require a monic feedback
filter. A typical structure is shown in Figure 6.11

e) The error is not memoryless. The error term used in typical
DFE is derived from the scalar input and output of the slicer.
In a DMT equalizer the error is derived from the output of an
impulse shortening filter and reference filter.

f) The location of the impulse response window has a big impact
on the performance of equalizer.

The overall structure of the equalizer in training mode is shown in the
following diagram:

In steady state mode, the equalizer will include only ¢g . The error

term 1is
er =cp* Yy —cg*x Xy (6.49)
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where X, and Y}, are vectors of training and received samples respec-
tively. In general, we can use adaptive techniques to find near opti-
mum equalizer coefficients. A large number of taps prevents us from
using RLS type of algorithms. On the other hand, a wide spread of
eigenvalues of the input signal covariance matrix can slow down con-
vergence of the equalizer. A different technique for the equalizer tap
adjustment is based on the linear prediction theory as explained below.

During acquisition, the frame is repeated and can be used for
equalizer training. In this approach, we use second order statistics of
the channel to produce a one shot estimate of equalizer coefficients.
In order to use the predictor format of linear regression techniques,
without loss of generality, assume ¢g is monic. So, the predictor for-
mat is:

g(nln —1) = ¢"(n)C (6.50)

where
e(n) =[-y(n—1)
—y(n —2)

~y(t = V)
z(n—1)
z(n — 2)

(6.51)

and,

C=[Cr Cpl". (6.52)
The least square solution of linear regression is:
C=I"1 (6.53)
with:

T = Ai\’xN BNxM , (6.54)
BMxN Ipxn
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where
1 N
Ay = Ryy(i—j) =5 Zly(n —i)y(n — j), 6.55)
and
1 N
Bij = Ray(i = j) = Zl z(n = i)y(n — 5), (6.56)
and
=Dy Eu] (6.57)
with
D; = Ry[i], Ei = Ryl[i], (6.58)

where R,, and R,, are auto-correlation and cross correlation func-
tions. We can use channel impulse response to calculate coefficients
directly

Ay = hahiy, (6.59)
By =hly; (6.60)

The estimation of channel impulse response can help in choosing
the optimum window location. As explained previously, ¢g is not nec-
essarily causal, therefore, delay parameter plays an important role in
the performance of the equalizer. Other important parameters are the
lengths of the two filters ¢F and ¢g.

6.3.3 Delay Parameter

Unlike classic decision feedback equalizers, an ARMA equalizer can
have a feedback filter with non-causal transfer function i.e. the general

error term 1is:
CF*Y}C—— CB*Xk—d (661)
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the delay unit d has significant effect on overall performance. The
number of taps M of filter cg is approximately the same as the prefix
length and number of taps for the forward filter N < M. The delay
unit should be chosen properly to capture the most significant window
of the impulse response. Brute force trial and error is one option. A
more intelligent technique uses the estimate of the impulse response to
pick a proper starting point where the energy of the impulse response
is above a threshold. The threshold should be the ratio of the tap power
to the overall window power. Since the length of the window function
and the forward equalizer should be as short as possible, the proper
choice of starting point is of significant importance. In other words, in
an ARMA model, the number of zeroes are not assigned properly.

6.3.4 AR Approximation of ARMA Model

The Direct solution of Equation 6.53 requires a non-Toeplitz matrix
inversion and is numerically sensitive and intensive. One technique
to alleviate the numerical difficulty of least square solution is by us-
ing techniques for AR approximation of the channel response ARMA
model, which results in a numerically attractive Toeplitz correlation
matrix. A description of embedding techniques is presented in the
Appendix. In the following, the procedure for this analysis is briefly
described. By using embedding techniques, as explained in the Ap-
pendix, the ARMA model of Equation 6.48 is approximated by a two-
channel AR model.

If the covariance matrix is available the problem can be reduced
to the solution of a normal (Yule-Walker) equation. The multi-channel
version of the Levinson algorithm is a computationally efficient solu-
tion for the two-channel AR model at hand. As a reference, the recur-
sive technique is presented here:
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Initialization:

cf[1] = ~RY0]R[1]

CH1] = ~R[0]R[-1] (062

where iy
fra_— | —% O
o= 4

is the j** forward prediction coefficient of two-channel model at "
iteration and C? [7] is the 7" backward prediction coefficient at i**

iteration and R, [] R, []
mi= | g5 At |

If the input signal x is white then

iy = [ Pl Rl

| 0
e [ Ruli] Reli]
? z{?
=Rl T
Recursion:
cfli = K}
Cylil = Oy + K[ [Ck [k ~ 1]
Cl] = K (6.63)

Chli] = Cp_y + KLICL_ [k i]
Clli] = CY_y + KRHICL_, [k — 1]
where the reflection coefficients are,

p-T

— d
K{=-0l 3,

K=ol s (6.64)

. . T ..
A =Yk Rlk—4ICL4 ().



148 Chapter 6. Channel Estimation and Equalization

N N
ﬂ;z 5 ﬂzz a[ H K £ aN
1w N
bf, b: b, ,K,bN
K
c/12} IC" [N]
b b
. = 2
yi‘ L 1 L 2 . N
1 Multi- 1 Multi- P P Multi- [T
Channel bl Channel ¥ Channel E"f
Xy p| Lattice 1| Lattice 2 p Latice | Ny
t ; f
wl Channel Estimation Block

I FFT H Channel Estimate H FFT

Figure 6.12: Equalization using order update

v

Figure 6.12 shows the structure of an equalizer using a lattice filter.
This structure represents the case of equal number of poles and zeros.
The extension to unequal number of poles and zeroes is straightfor-
ward and explained in [79].

The above approach is convenient for batch or frame based pro-
cessing where the entire frame is buffered and processed for equal-
ization. Instead of inverting the large matrix of Equation 6.43 for ex-
ample, this structure can be used in the training mode of an ADSL
receiver. This technique can be implemented iteratively in time and
order when the covariance is not known in advance. The time/order
updating algorithm increases the order while updating the coefficients
of the equalizer. In some cases, we can preserve the order and continue
updating the parameters using adaptive techniques. This technique is
useful when the delay profile of the channel does not change signifi-
cantly but some slow adaptation improves the performance.
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Figure 6.13: An OFDM system with frequency domain equalization

6.3.5 Frequency Domain Equalization

Once it is assured that orthogonality of the sub-carriers is maintained,
possibly through the use of the cyclic prefix and time domain equal-
ization as previously discussed, then the final frequency domain equal-
ization of an OFDM signal is an extremely simple process. This is
certainly one of the key advantages of OFDM.

After demodulation, the sub-carriers will be subjected to different
losses and phase shifts, but there will be no interaction among them.
Frequency domain equalization therefore consists solely of separate
adjustments of sub-carrier gain and phase, or equivalently of adjust-
ing the individual decision regions. In the case where the constella-
tions consist of equal amplitude points, as in PSK, this equalization
becomes even simpler in that only phase needs to be corrected for
each sub-carrier, because amplitude has no effect on decisions.

A simplified picture of the place of frequency domain equalization
is shown in Figure 6.13, where the equalizer consists of the set of
complex multipliers, {A}, one for each sub-carrier.

Here the linear channel transfer function H(f) includes the chan-
nel, the transmit and receive filters, and any time domain equaliza-
tion if present. H(f) is assumed bandlimited to less than N/T for a
complex channel. Cyclic extension is not shown although it is almost
certain to be present. The following analysis assumes that both am-
plitude and phase need to be corrected, and that equalization consists
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of multiplying each demodulated component by a quantity such that
a fixed set of decision regions may be used.

The signal presented to the demodulator is
N-1 T

t)= dph(t — n—). 6.65

u(t) ; (t=ns) (6.65)

The k** output of the demodulator is then
Yi(f) = DieHi, k=0,1,--- /N -1, (6.66)

where the Hj, are samples of H ( f )

Hy = h(%). (6.67)

Thus each output is equal to its associated input data symbol mul-
tiplied by a complex quantity which differs among the outputs, but
are uncoupled. Equalization at its simplest then consists of setting the
multipliers to 1/ Hy, for each non-zero channel.

The above approach is optimum in every sense under high signal-
to-noise conditions. It also produces minimum probability of error at
any noise level, and is an unbiased estimator of the input data Djy.
However if the criterion to be optimized is minimum mean-square
error particularly, then the optimum multipliers are modified to

Ay = I N (6.68)

H o}
1+ Dy Hy|?

where o7 is the noise power in the demodulated sub-channel. How-
ever, this value produces a biased estimator and does not minimize
error probability.

As a practical implementation issue, for variable amplitude con-
stellations, it is frequently desirable to have a fixed grid of decision
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regions. The Ags can then be scaled in amplitude such that the sepa-
ration of constellation points is constant.

Since a shift 7 in timing phase is equivalent to a phase shift
Hy, = /%7 (6.69)

frequency domain equalization readily corrects for such timing shift.

In principle frequency domain equalization could be employed
when orthogonality is lost due to interference among OFDM symbols.
In this case, rather than a simple multiplier per sub-channel, a matrix
multiplication would be required. This approach is bound to require
more computational load than the combination of time and frequency
domain equalizers.

During system initialization, the any time domain equalizer must
be adjusted before frequency domain equalization is performed. Then
any periodic test signal with full frequency content, such as a repeated
segment of a PN sequence without cyclic prefix, may be used to adapt
the frequency domain equalizer. The demodulator outputs should be
averaged over many periods to minimize the effects of noise, and the
reciprocal of these measured values used to set the multipliers. Dur-
ing steady state data operation adaptation may be performed using a
single variable LMS algorithm as shown in Figure 6.14. This LMS
algorithm will adapt to the values given by Equation 6.68.

An interesting interpretation of time domain and frequency do-
main equalizer can be obtained by studying their role in channel dis-
tortion compensation. As discussed earlier, a typical channel model
for DMT and channels with long impulse response is an ARMA model
of the form in Equation 6.48. Time domain equalization shortens the
impulse response to a tolerable level for an OFDM system. Mathemat-
ically, it’s equivalent to compensating the AR part of the channel im-
pulse response 1/(1 + B(z)). So after successful time domain equal-
ization, the equivalent impulse response of the channel is reduced to a
FIR filter of short duration A(z). Since it does not violate orthogonal-
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Figure 6.14: LMS adaptation of a frequency domain equalizer multi-
plier

ity of sub-carriers, we can remove its effect after the FFT by frequency
domain equalization. The above process is shown in Figure 6.15.

6.3.6 Echo Cancellation

In wireline applications, it is usually highly desirable to communi-
cate full duplex (simultaneous transmission in both directions) over a
single wire-pair. A classic sub-system known as the hybrid provides
partial separation, but is not sufficient for high performance digital
applications.

Two possible techniques are frequency division and time division
duplexing. In the former, different frequency bands are used in each
direction, with analog filtering to provide separation. In the latter, al-
ternating time slots are used to transmit alternately in each direction.
For symmetric communication, that is equal rates for the two direc-
tions, both of these techniques require at least double the bandwidth
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Figure 6.15: Time and frequency domain equalization

as unidirectional transmission, which is a very severe performance
penalty.

Far preferable is the technique of echo cancellation, where at each
end the leakage of transmitted signal into the co-located receiver is
cancelled by creating and subtracting a replica of that leakage. The
precision required is quite high, as illustrated in the example of a bad
case wireline system shown in Figure 6.16

In this example, the loss of the line is 40 dB while the hybrid
provides only 15 dB of loss. The leakage of the transmitted signal,
or “echo”, is therefore 25 dB higher than the desired received signal.
One consequence is that the level which the front end of the receiver,
in particular the A/D converter, must accommodate is dominated by
the echo rather than the received signal. Of more interest here is the
high degree of echo cancellation required. Assume, as in the figure,
that a signal-to noise ratio of 30 dB is required, and that uncancelled
echo can be treated as noise. If we use the reasonable design rule
that the uncancelled echo should be at least 10 dB below the line
noise, thereby increasing the noise by less than 0.4 d B, the level of the
uncancelled echo must be below -80 dB. Because the hybrid provides
only 15 dB of reduction, the echo canceller must provide an additional
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Figure 6.16: An example system illustrating echo cancellation re-
quirement

65 dB of rejection. This requirement is far more severe than that of
equalization, so that a much greater arithmetic precision and number
of taps is required.

In principle, the same form of echo canceller used in single carrier
systems could be used in OFDM. This is shown in Figure 6.17.

Residual echo is minimized when the tap coefficients of the echo
canceller are equal to the corresponding samples of the echo path re-
sponse px = p(kT'), where the sampled echo is

rn=r(nT) =Y dipn_s (6.70)
k

Adaptation is similar to that of equalization. Residual error results
from echo samples beyond the time span of the canceller, and also
from finite precision in signal sampling and in the coefficients. Un-
like the case of single carrier equalization, the inputs to the canceller
are samples of signals quantized by an A/D converter as opposed to
exact data symbols. In one variation [80], adaptation is performed in
the frequency domain, followed by an IFFT and time domain cancel-
lation.

In any variation, time domain cancellation requires extensive com-
putation, reducing a prime advantage of OFDM. Another possibility is
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Figure 6.17: A basic echo canceller

frequency domain cancellation. If the echo of the transmitted OFDM
signal maintains orthogonality, then echo cancellation may be per-
formed very easily after demodulation in the receiver. An advantage
of this approach is the use of exact data values as inputs to the can-
celler rather than quantized signal samples. Furthermore, orthogonal-
ity leads to simple adaptation. The canceller consists of one complex
multiplication per sub-carrier, as in the frequency domain equalizer.
In order for this technique to be valid, there must be no inter-symbol
interference among OFDM signals. Otherwise a matrix multiplica-
tion is required rather than a single multiply per sub-carrier [81]. In
another approach described in Reference [82], the time domain equal-
ization is modified so as to shorten both the channel response and the
echo response to a time span less than the duration of the cyclic prefix.
The resulting equalizer and echo canceller can then both be performed
quite simply in the frequency domain as shown in Figure 6.18.

Techniques have been proposed for echo cancellation in OFDM
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that combine time and frequency domain components in ways to re-
duce total required computation [82], [84]. Shown in Figure 6.19 is
the approach of Reference [82] for a symmetric system.

The time domain canceller is a short one if the echo response is
not much longer than the duration of the cyclic prefix. Its functions
are to undo the effect of cyclic extension, and to cancel the overlap
from the previous symbol. The frequency domain canceller can now
deal with orthogonal symbols as before.

In asymmetric applications such as ADSL, the penalty for using
frequency division duplexing is not as great because the bandwidth
used in one direction is relatively small. However for optimum per-
formance, the use of overlapping bands and echo cancellation is em-
ployed. Shown in Figure 6.20 and Figure 6.21 are modifications of the
previous structure [82] when the same OFDM symbol rate but differ-
ent numbers of sub-carriers are used in each direction, with overlap of
the frequencies of some of the sub-carriers.

Figure 6.11 illustrates a case in which the transmit rate is lower
than the receive rate, as in the remote terminal of ADSL. Because the
transmit spectrum is smaller than the receive spectrum, it is replicated
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Figure 6.19: Combination echo cancellation for symmetric transmis-
sion
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Figure 6.20: Echo cancellation where the transmit rate is lower than
receive rate
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Figure 6.21: Echo cancellation where the receive rate is lower than
transmit rate

so that the number of sub-carriers is increased to equal that of the
received signal. For the time domain portion of the echo canceller,
the transmit signal is interpolated to the higher rate by inserting the
appropriate number of zeroes between the time samples.

The converse case, in which the transmit rate is higher than the
receive rate, as in the central office terminal of an ADSL link, is shown
Figure 6.21. The size of the input to the frequency domain canceller
is reduced by folding subsets of the OFDM symbol on top of each
other and adding them to produce a number of sub-carriers equal to
the number received. The time domain sampling rate is reduced by
computing the short echo at further spaced points.
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Initial adaptation, for any echo cancellation structure, may be per-
formed at the same time and with the same training signals as the
equalization at the other end. Having the remote transmitter silent im-
proves this initial adaptation.

6.3.7 Appendix - Joint Innovation Representation of
ARMA Models

Some of the least squares estimation algorithms developed for AR
models such as ladder form realization, can be extended to ARMA
models by using embedding technique. Namely, an ARMA model
can be embedded into a two channel AR model ofjoint input/output
process [85]. The same approach can be used to model an equalizer
for an ARMA channel by extending the results of the equalizer de-
sign for AR channels. Unlike AR models, the covariance matrix of an
ARMA model is not Toeplitz and that results in some numerical com-
putational difficulties. Therefore, by using embedding techniques we
can transform an ARMA model to a multi-channel AR model with a
block-Toeplitz covariance matrix.

First, we present a geometric interpretation of prediction tech-
niques for ARMA processes which is the basis for understanding
Levinson Algorithm.

In linear prediction theory, we predict z,, by Z),', a linear combi-

nation of previous m samples {Zn—_1, Zp-2,"**, Tn_m} as a m** order
linear predictor, such that an error criteria like
am|2
E{|z, — 2%} (6.71)

is minimized. The concept of an innovation process is a critical one in
prediction and estimation. It represents the amount of new informa-
tion obtained by observing a new sample Z, which was not available
in previous observations:

Un = Tn — Tpjn1 (6.72)
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Estimation of sample z,, using the previous m samples leads to an
mt* order forward linear predictor

ey ==Y c[k]Tas 6.73)
k=1

while using future m samples leads to a backward m® order linear
predictor

n|n § = Z C[k Tntk (674)

Error terms for backward and forward predictors represent an in-
novation process.These error terms are defined as:

el = 20— TP clblens
(6.75)

etn] = znm — Zk 1 c[k]xn_m_,_k

A recursive implementation of linear predictors utilizes Gram-
Schmidt orthogonalization to transform samples into orthogonal ran-
dom variables [86]

By interpretation of the expression in Equation 6.71 as a metric of
the Hilbert space spanned by process z, a useful geometrical repre-
sentation for linear prediction can be offered as shown in Figure 6.22.
Next we briefly review the Levinson algorithm which is the origin of
important concepts such as lattice filters and equalizers. Originally,
the Levinson algorithm was proposed as an efficient numerical tech-
nique for inverting Toeplitz matrices.

Its order-recursive nature leads to important concepts in estimation
and equalization. Minimizing the error criteria 6.71 for the predictor
of order results in the normal equation

Pl = dm (6.76)
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Figure 6.22: Geometric interpretation of linear predictors

where ®,, is Toeplitz matrix of correlations @4 = ¢(k — 1) with
p(n) = B{zi@iin} (6.77)

The Levinson algorithm calculates the n coefficients of nt* order lin-
ear predictor using n—1 coefficients of (n—1)** order linear predictor.
As areference we provide the scalar Levinson equations:

Initialization:
~ (1]
1 = — 0 6‘7
01[ ] ¢[O] , € gb[] (6.78)
Recursion:
cili] = cr—1[1) + clklc;_ [k — 9] (6.79)

ex = (1 — lewlk]|*)ex—



6.3. Equalization 163

eg [n] ff[ﬂ]
Xy K, Next Lattice
. Stage
K,
R —
e [n] el [n]

Figure 6.23: Lattice filter representation of predictors

where c[i] represents ith coefficient of the k" order predictor. In the
above equations, we did not explicitly distinguish between backward
and forward coefficients because optimal backward coefficients are
reversed in time and complex conjugate of optimal forward predictor
coefficients.

When the exact order of the predictor is unknown, we can monitor
the error term e; after each iteration. An extensive treatment of this
issue is discussed in model order estimation theory.

The above order recursive technique is the basis of lattice repre-
sentation of prediction filter as shown in Figure 6.23.

In general, an ARMA model can be represented as:
Yk + biye—1+ -+ ONYk-N = a0 + @17k + -+ + anTk-n  (6.80)

where zj is the input process and g represents the output process.
The innovation process of y, whichrepresents additional information
obtained from observation of sample ¥y, is:

Yy } 6.81)

exN = Yo — Jre—1 = By —An ] [ Xn
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where
X]T\I == [:Ek:v e amk——N]
Yy = [kr» Yrn]
AL = [ao,"‘,aN]

BJY\}: [17b1a""bN}

The problem of linear prediction is: given a set of observed samples of
{Yn—1,Yn—2," " Ynoms Tre1, * " * ,xn_m} an estimate of unobserved
sample ¥y, is required, usually without covariance information. The
prediction filter is chosen to minimize the power of prediction error
which means designing a filter of the form

agz + a2Vt + -t ay

Hy(z) =
M) = N T+ b

(6.82)

such that
y(z) = Hy(2)ern(2) (6.83)

where ¢y, v 1s as close to a white noise process as possible.

One approach to linear prediction of ARMA models is to intro-
duce an innovation process for input zj, then embed it into a two-
channel AR process. The general approach for embedding is discussed
extensively in the literature. Here we discuss the embedding technique
for the special case where z is white. By introducing the augmented

process wy = [ Yx Tk |, the new prediction error is
ep,n = Cnwg, (6.84)
where .
Chm = [Zg } = [a’;’j’“ } (6.85)
and

e[4S0 [ ][ v )

Geometric interpretation of the ARMA model using the embed-
ded technique is straightforward and useful. In the ARMA model the
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space of observations is spanned by augmented process [z,y]. Then
the joint backward and forward innovations can be interpreted as or-
thogonal projections on the sub-spaces spanned by future and past
observation respectively.

The Levinson recursion algorithm can be applied to the augmented
(multi-channel) system as well. However, unlike the scalar case, back-
ward and forward predictor coefficients are not time-reversed and com-
plex conjugate versions of each other.





